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Preface — 


HIS book originated in a course of lectures held at 
Columbia University, New York, during the summer 
session of 1936. 

It is an elementary treatise throughout, based entirely on 
pure thermodynamics; however, it is assumed that the 
reader is familiar with the fundamental facts of ther- 
mometry and calorimetry. Here and there will be found 
short references to the statistical interpretation of thermo- 
dynamics. 

As a guide in writing this book, the author used notes of 
his lectures that were taken by Dr. Lloyd Motz, of Columbia 
University, who also revised the final manuscript critically. 
Thanks are due him for his willing and intelligent col- 
laboration. 

E. FERMI 
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Introduction 


HERMODYNAMICS is mainly concerned with the 
transformations of heat into mechanical work and the 
opposite transformations of mechanical work into heat. 

Only in comparatively recent times have physicists recog- 
nized that heat is a form of energy that can be changed into 
other forms of energy. Formerly, scientists had thought 
that heat was some sort of fluid whose total amount was 
invariable, and had simply interpreted the heating of a body 
and analogous processes as consisting of the transfer of this 
fluid from one body to another. It is, therefore, noteworthy 
that on the basis of this heat-fluid theory Carnot was able, 
in the year 1824, to arrive at a comparatively clear under- 
standing of the limitations involved in the transformation of 
heat into work, that is, of essentially what is now called the 
second law of thermodynamies (see Chapter IIT). 

In 1842, only eighteen years later, R. J. Mayer discovered 
the equivalence of heat and mechanical work, and made the 
first announcement of the principle of the conservation of 
energy (the first law of thermodynamics). 

We know today that the actual basis for the equivalence 
of heat and dynamical energy is to be sought in the kinetic 
interpretation, which reduces all thermal phenomena to the 
disordered motions of atoms and molecules. From this 
point of view, the study of heat must be considered as a 
special branch of mechanics: the mechanics of an ensemble 
of such an enormous number of particles (atoms or mole- 
cules) that the detailed description of the state and the 
motion loses importance and only average properties of large 
numbers of particles are to be considered. This branch of 
mechanics, called statistical mechanics, which has been de- 
veloped mainly through the work of Maxwell, Boltzmann, 
and Gibbs, has led to a very satisfactory understanding of 
the fundamental thermodynamical laws. 


ix 
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But the approach in pure thermodynamics is different. 
Here the fundamental laws are assumed as postulates based 
on experimental evidence, and conclusions are drawn from 
them without entering into the kinetic mechanism of the 
phenomena. This procedure has the advantage of being 
independent, to a great extent, of the simplifying assump- 
tions that are often made in statistical mechanical considera- 
tions. Thus, thermodynamical results are generally highly 
accurate. On the other hand, it is sometimes rather un- 
satisfactory to obtain results without being able to see in 
detail how things really work, so that in many respects it is 
very often convenient to complete a thermodynamical result 
with at least a rough kinetic interpretation. 

The first and second laws of thermodynamics have their 
statistical foundation in classical mechanics. In recent 
years Nernst has added a third law which can be inter- 
preted statistically only in terms of quantum mechanical 
concepts. The last chapter of this book will concern itself 
with the consequences of the third law. 


CHAPTER I 


Thermodynamic Systems 


1. The state of a system and its transformations. The 
state of a system in mechanics is completely specified at a 
given instant of time if the position and velocity of each mass- 
point of the system are given. For a system composed of a 
number N of mass-points, this requires the knowledge of 
6N variables. 

In thermodynamics a different and much simpler concept 
of the state of a system is introduced. Indeed, to use the 
dynamical definition of state would be inconvenient, because 
all the systems which are dealt with in thermodynamics 
contain a very large number of mass-points (the atoms or 
molecules), so that it would be practically impossible to 
specify the 6N variables. Moreover, it would be unneces- 
sary to do so, because the quantities that are dealt with in 
thermodynamics are average properties of the system; 
consequently, a detailed knowledge of the motion of each 
mass-point would be superfluous. 

In order to explain the thermodynamic concept of the 
state of a system, we shall first discuss a few simple examples. 

A system composed of a chemically defined homogeneous 
fluid. We can make the following measurements on such a 
system: the temperature ż, the volume V, and the pressure p. 
The temperature can be measured by placing a thermometer 
in contact with the system for an interval of time sufficient 
for thermal equilibrium to set in. As is well known, the 
temperature defined by any special thermometer (for 
example, a mercury thermometer) depends on the particular 
properties of the thermometric substance used. For the 
time being, we shall agree to use the same kind of thermom- 
eter for all temperature measurements in order that these 
may all be comparable. 

1 
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The geometry of our system is obviously characterized 
not only by its volume, but also by its shape. However, 
most thermodynamical properties are largely independent 
of the shape, and, therefore, the volume is the only geometri- 
cal datum that is ordinarily given. It is only in the cases 
for which the ratio of surface to volume is very large (for 
example, a finely grained substance) that the surface must 
also be considered. 

For a given amount of the substance contained in the 
system, the temperature, volume, and pressure are not 


independent quantities; they are connected by a relationship 
of the general form: 


S(p, V, t) = 0, (1) 


which is called the equation of state. Its form depends on 
the special properties of the substance. Any one of the 
three variables in the above relationship can be expressed 
as a function of the other two by solving equation (1) with 
respect to the given variable. Therefore, the state of the 
system is completely determined by any two of the three 
quantities, p, V, and t. 

; It is very often convenient to represent these two quanti- 
ties graphically in a rectangular system of co-ordinates. 
For example, we may use a (V, p) representation, plotting V 
along the abscissae axis and p along the ordinates axis. A 
point on the (V, p) plane thus defines a state of the system. 
The points Tepresenting states of equal temperature lie 
on @ curve which is called an isothermal. 

A system composed of a chemically defined homogeneous 
Solid. In this case, besides the temperature ¢ and volume 
€ the pressures acting in different 
O define the state, In most cases, 


whee composed of a homogeneous mixture of several 
ee icles In this case the variables defining the 
€ System are not only temperature, volume, and 
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pressure, but also the concentrations of the different chemical 
compounds composing the mixture. 

Nonhomogeneous systems. In order to define the state of a 
nonhomogeneous system, one must be able to divide it into a. 
number of homogeneous parts. This number may be finite 
in some cases and infinite in others. The latter possibility, 
which is only seldom considered in thermodynamics, arises 
when the properties of the system, or at least of some of its 
parts, vary continuously from point to point. The state of 
the system is then defined by giving the mass, the chemical 
composition, the state of aggregation, the pressure, the 
volume, and the temperature of each homogeneous part. 

It is obvious that these variables are not all independent. 
Thus, for example, the sum of the amounts of each chemical 
element present in the different homogeneous parts must be 
constant and equal to the total amount of that element 
present in the system. Moreover, the volume, the pressure, 
and the temperature of each homogeneous part having a 
given mass and chemical composition are connected by an 
equation of state. 

A system containing moving parts. In almost every 
system that is dealt with in thermodynamics, one assumes 
that the different parts of the system either are at rest or are 
moving so slowly that their kinetic energies may be neg- 
lected. If this is not the case, one must also specify the 
velocities of the various parts of the system in order to 
define the state of the system completely. 

It is evident from what we have said that the knowledge 
of the thermodynamical state alone is by no means sufficient 
for the determination of the dynamical state. Studying the 
thermodynamical state of a homogeneous fluid of given 
volume at a given temperature (the pressure is then defined 
by the equation of state), we observe that there is an infinite 
number of states of molecular motion that correspond to it. 
With increasing time, the system exists successively in all 
these dynamical states that correspond to the given thermo- 
dynamical state. From this point of view we may say 
that a thermodynamical state is the ensemble of all the 
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dynamical states through which, as a result of the molecular 
motion, the system is rapidly passing. This definition of 
state is rather abstract and not quite unique; therefore, 
we shall indicate in each particular case what the state 
variables are. 

Particularly important among the thermodynamical 
states of a system are the states of equilibrium. These 
states have the property of not varying so long as the 
external conditions remain unchanged. Thus, for instance, 
a gas enclosed in a container of constant volume is in 
equilibrium when its pressure is constant throughout and 
its temperature is equal to that of the environment, 

Very often we shall have to consider transformations of a 
system from an initial state to a final state through a 
continuous succession of intermediate states. If the state 
of the system can be represented on a (V, p) diagram, such a 
transformation will be represented by a curve connecting 
the two points that represent the initial and final states. 

R A transformation is said to be reversible when the succes- 
Sive states of the transformation differ by infinitesimals from 
equilibrium states. A reversible transformation can there- 
fore connect only those initial and final states which are 
states of equilibrium. A reversible transformation can be 
realized in practice by changing the external conditions so 
slowly that, the system has time to adjust itself gradually 
to the altered conditions. For example, we can produce a 
reversible expansion of a gas by enclosing it in a cylinder 
i r^p piston and shifting the piston outward very 
UD bo A: ji Were hs shift the piston rapidly, currents 
literei irens p in i € expanding gaseous mass, and the 

es would no longer be states of equilibrium. 
orm a system reversibly from an initial state A 
» we can then take the system by means of 


owly in a sense opposite to that in the 
Tmation. Thus, in the case of the gas 
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discussed in the preceding paragraph, we may compress it 
again to its original volume and bring it back to its initial 
state by shifting the piston inward very slowly. 'The 
compression occurs reversibly, and the gas passes through 
the same intermediate states as it did during the expansion. 

During a transformation, the system can perform positive 
or negative external work; that is, the system can do work 
on its surroundings or the surroundings can do work on the 
system. As an example of this, we consider a body enclosed 
in a cylinder having a movable piston of area S at one 
end (Figure 1). If p is the pressure of the body against the 
walls of the cylinder, then pS is the force 
exerted by the body on the piston. If the 
piston is shifted an infinitesimal distance dh, 
an infinitesimal amount of work, 


dL — pSdh, (2) 


is performed, since the displacement is paral- 
lel to the force. But Sdh is equal to the in- 
crease, dV, in volume of the system. Thus, 
we may write!: 


dL = pdV. (3) Fig. 1. 


1]t is obvious that (3) is generally valid no matter what the shape of 
the container may be. Consider a body at the uniform pressure p, enclosed 
in an irregularly shaped container A (Figure 2). Consider now an infini- 
tesimal transformation of our system during which the walls of the con- 
tainer move from the initial position A to the final position B, thus permit- 
ting the body inside the container to expand. Let do be a surface element 
of the container, and let dn be the displacement of this element in the 
direction normal to the surface of the container. The work performed on 
the surface element do by the pressure p during the displacement of the 
container from the situation A to the situation B is obviously p de dn. 
The total amount of work performed during the infinitesimal transforma- 
tion is obtained by integrating the above expression over allthe surface ¢ of 
the container; since p is a constant, we obtain: 


up f ae dn. 


It is now evident from the figure that the variation dV of the volume of the 
container is given by the surface integral, 


dV = f da dn. 


Comparing these two equations, we obtain (3). 
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For a finite transformation, the work done by the system 
is obtained by integrating equation (3): 


eB 
=f pdV, 
A 


(4) 


where the integral is taken over the entire transformation. 
When the state of the system can be represented on a 


9. 


Fig. 2. 


of which depends on the type 
of transformation considered. 
The work done during this 
transformation is given by the 
integral 


Yu 
L-["wv, € 
Va 


where V, and V, are the vol- 
umes corresponding to the 
states A and B. This integral, 
and hence the work done, can 


(V, p) diagram, the work 
performed during a trans- 
formation has a simple 
geometrical ^ representa- 
tion. We consider a trans- 
formation from an initial 
state indicated by the point 
A to a final state indicated 
by the point B (Figure 3). 
This transformation will be 
represented by a curve con- 
necting A and B the shape 


P 


5 5 


Fig. 3. 


be represented geometrically by the shaded area in the 


figure. 


Transformations which are especially important are those 
for which the initial and final states are the same. These are 
called cyclical transformations or cycles. A cycle, therefore, 
is a transformation which brings the system back to its 
initial state. If the state of the system can be represented 
on a (V, p) diagram, then a cycle ean be represented on 
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this diagram by a closed curve, such as the curve ABCD 
(Figure 4). 

The work, L, performed by the system during the cyclical 
transformation is given geometrically by the area enclosed 
by the curve representing the cycle. Let A and C be the 
points of minimum and maximum abscissa of our cycle, 
and let their projections on the V-axis be A’ and C", re- 
spectively. The work performed during the part A BC of the 
transformation is positive and equal to the area A BCC'A'A. 
The work performed during the rest of the transforma- 
tion, CDA, is negative and equal in amount to the area 
CC'A'ADC. The total amount of positive work done is 
equal to the difference between these two areas, and hence is 
equal to the area bounded by the cycle. 

It should be noted that the total p 
work done is positive because we 
performed the cycle in a clockwise 
direction. If the same cycle is per- 
formed in a counterclockwise direc- 
tion, the work will again be given 
by the area bounded by the cycle, 
but this time it will be negative. 

A transformation during which 
the system performs no external 
work is called an isochore transformation. If we assume 
that the work dL performed during an infinitesimal 
element of the transformation is given, according to equa- 
tion (3), by pdV, we find for an isochore transformation 
dV = 0, or, by integration, V = a constant. Thus, an 
isochore transformation in this case is a transformation at 
constant volume. This fact justifies the name Zsochore. 
It should be noticed, however, that the concept of isochore 
transformation is more general, since it requires that dL = 0 
for the given transformation, even when the work dL cannot 
be represented by equation (3). 

Transformations during which the pressure or the tem- 
perature of the system remains constant are called isobaric 
and isothermal transformations, respectively. 


bs 


O 


v 


| E 


A 
Fig. 4. 
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2. Ideal or perfect gases. The equation of state of a 
system composed of a certain quantity of gas occupying 
a volume V at the temperature ¢ and pressure p can be 
approximately expressed by a very simple analytical law. 
We obtain the equation of state of a gas in its simplest 
form by changing from the empirical scale of temperatures, 
t, used so far to a new temperature scale T. 

We define T provisionally as the temperature indicated 
by a gas thermometer in which the thermometric gas is kept 
at a very low constant pressure. T is then taken propor- 
tional to the volume occupied by the gas. It is well known 
that the readings of different gas thermometers under these 
conditions are largely independent of the nature of the 
thermometric gas, provided that this gas is far enough from 
condensation. We shall see later, however (section 9), 
that it is possible to define this same scale of temperatures T 
by general thermodynamic considerations quite independ- 
ently of the special properties of gases, 

The temperature T' is called the absolute temperature. 
Its unit is usually chosen in such a way that the temperature 
difference between the boiling and the freezing points of 
water at one atmosphere of pressure is equal to 100. The 
freezing point of water corresponds then, as is well known, 
to the absolute temperature 2173.1. 

The equation of state of a System composed of m grams 


x a gas whose molecular weight is M is given approximately 
y: 


m 
pV = y ET (6) 
R is a universal constant (that is, it has the same value for all 
ar R = 8314 x 107 erg/degrees, or (see section 3) 


= 1.986 cal/degrees). Equation (6) is called the equation 
of state of an ideal or a perfect gas; it includes the laws of 
Boyle, Gay-Lussac, and Avogadro. 

No real gas obeys equation (6) exactly. An ideal sub- 


stance that obeys equation (6) exactly is called an ideal 
or a perfect gas, 
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For a gram-molecule (or mole) of a gas (that is, for a 
number of grams of a gas equal numerically to its molecular 
weight), we have m = M, so that (6) reduces to: 


pV = RT. (7) 


From (6) or (7) we can obtain the density p of the gas in 
terms of the pressure and the temperature: 


P—py^ppy (8) 


For an isothermal transformation of an ideal gas (trans- 
formation at constant temperature), we have: 


pV = constant. 


On the (V, p) diagram the isothermal transformations of an 
ideal gas are thus represented by equilateral hyperbolas 
having the V- and p-axes as asymptotes. 

We can easily calculate the work performed by the gas 
during an isothermal expansion from an initial volume V; 
to a final volume V2. This is given (making use of (5) and 


(6)) by: 
via m "dV 
z= f pav = ar | 


1 
m Vo 
= 9 RT log T 


m 
M 
where p; and ps are the initial and final pressures, respec- 
tively. For one mole of gas, we have: 


L-RT log FF = RT log (10) 
1 2 


m 
T log e (9) 


A mixture of several gases is governed by laws very similar 
to those which are obeyed by à chemically homogeneous 
gas. We shall call the partial pressure of a component of a 
mixture of gases the pressure which this component would 
exert if it alone filled the volume occupied by the mixture 
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at the same temperature as that of the mixture. We can 
now state Dalton's law for gas mixtures in the following 
form: 

The pressure exerted by a mixture of gases is equal to the 


sum of the partial pressures of all the components present 
in the mixture. 


This law is only approximately obeyed by real gases, but 
it is assumed to hold exactly for ideal gases. 


Problems 


1. Calculate the work performed by a body expanding from an 
initial volume of 3.12 liters to a final volume of 4.01 liters at the 
pressure of 2.34 atmospheres, 


2. Calculate the pressure of 30 grams of hydrogen inside a 
container of 1 cubic meter at the temperature of 18°C. 

3. Calculate the density 
temperature of 0°C. 


4. Caleulate the work 


expanding isothermally at 
pressure. 


and specific volume of nitrogen at the 


performed by 10 grams of oxygen 
20°C from 1 to .3 atmospheres of 


CHAPTER II 


The First Law of Thermodynamics 


3. The statement of the first law of thermodynamics. 
The first law of thermodynamics is essentially the statement 
of the principle of the conservation of energy for thermo- 
dynamical systems. As such, it may be expressed by stating 
that the variation in energy of a system during any trans- 
formation is equal to the amount of energy that the system 
receives from its environment. In order to give a precise 
meaning to this statement, it is necessary to define the 
phrases “energy of the system” and “energy that the 
system receives from its environment during a transfor- 
mation.” 

In purely mechanical conservative systems, the energy is 
equal to the sum of the potential and the kinetic energies, 
and hence is a function of the dynamical state of the system; 
because to know the dynamical state of the system is 
equivalent to knowing the positions and velocities of all the 
mass-points contained in the system. If no external forces 
are acting on the system, the energy remains constant. 
Thus, if A and B are two successive states of an isolated 
system, and U, and U; are the corresponding energies, then 

U, = Us. 

When external forces act on the system, U, need no 
longer be equal to Uz. If —Listhe work performed by the 
external forces during a transformation from the initial 
state A to the final state B (+L is the work performed by 
the system), then the dynamical principle of the conserva- 
tion of energy takes the form: 

Us = U, = =L. (11) 

From this equation it follows that the work, L, performed 


during the transformation depends only on the extreme 
ll 
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states A and B of the transformation and not on the par- 
tieular way in which the transformation from A to B is 
performed. 

Let us assume now that we do not know the laws of 
interaction among the various mass-points of our dynamical 
system. "Then we cannot calculate the energy of the system 
when it is in a given dynamical state. By making use of 
equation (11), however, we can nevertheless obtain an 
empirical definition of the energy of our system in the 
following way: 

We consider an arbitrarily chosen state O of our system 
and, by definition, take its energy to be zero: 


Uo = 0. (12) 


We shall henceforth refer to this state as the standard state 
of our system. Consider now any other state A; by apply- 
ing suitable external forces to our system, we can transform 
it from the standard state (in which we assume it to be 
initially) to the state A. Let La be the work performed by 
the system during this transformation (—L4 is, as before, 
the work performed by the external forces on the system). 


Applying (11) to this transformation, and remembering (12), 
we find that 


Ut = fi (13) 
This equation can be used as the empirical definition of the 
energy U, of our system in the state A. 

It is obviously necessary, if definition (13) is to have & 
meaning, that the work La depend only on the states O and 
A and not on the special way in which the transformation 
from O to A is performed. We have already noticed that 
this property follows from (11). If one found experi- 
mentally that this property did not hold, it would mean 
either that energy is not conserved in our system, or that, 


besides mechanical work, other means of transfer of energy 
must be taken into account. 
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We shall assume for the present that the work performed 
by our mechanical system during any transformation 
depends only on the initial and final states of the trans- 
formation, so that we can use (13) as the definition of the 
energy. 

We can immediately obtain (11) from (13) as follows: A 
transformation between any two states A and B can always 
be performed as a succession of two transformations: first a 
transformation from A to the standard state O, and then a 
transformation from O to B. Since the system performs 
the amounts of work —L, and +JZ, during these two 
transformations, the total amount of work performed 
during the transformation from A to B (which is independent 
of the particular way in which the transformation is per- 
formed) is: 


L = —L, + Ls. 
From (13) and the analogous equation, 
Us = —Ls, 
we obtain now: 
Us — U, = —L, 


which is identical with (11). 

We notice, finally, that the definition (13) of the energy is 
not quite unique, since it depends on the particular choice 
of the standard state O. If instead of O we had chosen a 
different standard state, O', we should have obtained a 
different value, Wiss for the energy of the state A. It 
can be easily shown, however, that U^, and T74 differ only 
by an additive constant. Indeed, the transformation from 
Q' to A can be put equal to the sum of two transformations: 
one going from O’ to O and the other going from O to A. 
The work L, performed by the system in passing from O’ to 
A is thus equal to: 


A = Loo + Li, 
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where Loo is the work performed by the system in going 
from O' to O. We have now: 


Us = —-L,; Uy = -Éi 
so that 
Uy = Uk = Low, 


which shows that the values of the energy based on the two 
definitions differ only by the constant Loo. 

This indeterminate additive constant which appears in the 
definition of the energy is, as is well known, an essential 
feature of the concept of energy. Since, however, only 
differences of energy are considered in practice, the additive 
constant does not appear in the final results. 

The only assumption underlying the above empirical 
definition of the energy is that the total amount of work 
performed by the system during any transformation depends 
only on the initial and final states of the transformation. 
We have already noticed that if this assumption is contra- 
dicted by experiment, and if we still do not wish to discard 
the principle of the conservation of energy, then we must 
admit the existence of other methods, besides mechanical 
work, by means of which energy can be exchanged between 
the system and its environment. 

Let us take, for example, a System composed of a quantity 
of water. We consider two states A and B of this system at 
atmospheric pressure; let the temperatures of the system in 
these two states be t, and ts, respectively, with t, < ts. 
We can take our system from A to B in two different ways. 

First way: We heat the water by placing it over a flame 
and raise its temperature from the initial value t, to the 
final value fj. The external work performed by the 
System during this transformation is practically zero. It 
would be exactly zero if the change in temperature were not 
accompanied by a change in volume of the water. Ac- 
tually, however, the volume of the water changes slightly 
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during the transformation, so that a small amount of work is 
performed (see equation (3)). We shall neglect this small 
amount of work in our considerations. 

Second way: We raise the temperature of the water from 
ta to £j by heating it by means of friction. To this end, we 
immerse a small set of paddles attached to a central axle in 
the water, and churn the water by rotating the paddles. 
We observe that the temperature of the water increases 
continuously as long as the paddles continue to rotate. 
Since the water offers resistance to the motion of the paddles, 
however, we must perform mechanical work in order to 
keep the paddles moving until the final temperature ts is 
reached. Corresponding to this considerable amount of 
positive work performed by the paddles on the water, there 
is an equal amount of negative work performed by the water 
in resisting the motion of the paddles. 

We thus see that the work performed by the system in 
going from the state A to the state B depends on whether 
we go by means of the first way or by means of the second 
way. 

If we assume that the principle of the conservation of 
energy holds for our system, then we must admit that the 
energy that is transmitted to the water in the form of the 
mechanical work of the rotating paddles in the second way 
is transmitted to the water in the first way in a nonmechani- 
cal form called heat. We are thus led to the fact that heat 
and mechanical work are equivalent; they are two different 
aspects of the same thing, namely, energy. In what follows 
we shall group under the name of work electrical and 
magnetic work as well as mechanical work. The first two 
types of work, however, are only seldom considered in 
thermodynamics. 

In order to express in a more precise form the fact that 
heat and work are equivalent, we proceed as follows. 

We first enclose our system in a container with non-heat- 
conducting walls in order to prevent exchange of heat with 
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the environment. We assume, however, that work can be 
exchanged between the system and its environment (for 
example, by enclosing the system in a cylinder with non- 
conducting walls but with a movable piston at one end). 
The exchange of energy between the inside and the outside 
of the container can now occur only in the form of work, and 
from the principle of the conservation of energy it follows 
that the amount of work performed by the system during 
any transformation depends only on the initial and the 
final states of the transformation.? 

We can now use the empirical definition (13) of the energy 
and define the energy U as a function of the state of the 
system only? Denoting by AU = Us — U, the variation 
in the energy of our system that occurs during a transfor- 
mation from the state A to the state B, we can write 


equation (11), which is applicable to our thermally insulated 
System, in the form: 


t- 


AU+L=0. (14) 


If our system is not thermally insulated, the left-hand side 
of (14) will in general be different from zero because there 
can then take place an exchange of energy in the form of 


1 We need only mention here that no perfect thermal insulators exist. 
Thermal insulation can be obtained approximately, however, by means of 
the well-known methods of Calorimetry. 

? It would be formally more exact, although rather abstract, to state the 
content of the preceding sentences as follows: 

Experiments show that there exist certain substances called thermal 
insulators having the following properties: when a system is completely 
enclosed in a thermal insulator in such a way that work can be exchanged 
between the inside and the outside, the amount of work performed by the 

transformation depends only on the initial and final 


system from the standar 
mally insulated. We 
formation is not alwa: 
cases, however, the o 
formed. The work p 
mation is —Ly ; we c 


shall show later (see section 13) that such a trans- 
ys possible without an exchange of heat. In such 
pposite transformation A — O can always be per- 
erformed by the system during this reverse transfor- 
an therefore apply (13) to such cases also. 
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heat. We shall therefore replace (14) by the more general 
equation: 


AU+L =Q, as) 


where Q is equal to zero for transformations performed on 
thermally insulated systems and otherwise, in general, is 
different from zero. 

Q can be interpreted physically as the amount of energy 
that is received by the system in forms other than work. 
This follows immediately from the fact that the variation 
in energy, AU, of the system must be equal to the total 
amount of energy received by the system from its environ- 
ment. But from (15) 


AU = -L +Q, 


and —L is the energy received in the form of work. Hence, 
Q stands for the energy received in all other forms. 

By definition, we shall now call Q the amount of heat 
received by the system during the transformation. 

For a cyclic transformation, equation (15) takes on a very 
simple form. Since the initial and final states of a cycle are 
the same, the variation in energy is zero: AU = 0. Thus, 
(15) becomes: 


L-Q. (16) 


That is, the work performed by a system during a cyclic 
transformation is equal to the heat absorbed by the system. 

It is important at this point to establish the connection 
between this abstract definition of heat and its elementary 
calorimetric definition. The calorimetric unit of heat, the 
calorie, is defined as the quantity of heat required to raise 
the temperature of one gram of water at atmospheric 
pressure from 14°C to 15°C. Thus, to raise the temperature 
of m grams of water from 14°C to 15°C at atmospheric 
pressure, we require m calories of heat. Let Au. denote the 
variation in energy of one gram of water, and le the work 
done as a result of its expansion when its temperature is 
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raised from 14°C to 15°C at atmospheric pressure. For m 
grams of water, the variation in energy and the work done 
are: 

AU, = m^u, ; Le = mle. (17) 


We now consider a system S which undergoes a transfor- 
mation. In order to measure the heat exchanged between 
the system and the surrounding bodies, we place the system 
in contact with a calorimeter containing m grams of water, 
initially at 14°C. We choose the mass of the water in such à 
way that after the transformation has been completed, the 
temperature of the water is 15?C. 

Since an ideal calorimeter is perfectly insulated thermally, 
the complex system composed of the system S and the 
calorimetric water is thermally insulated during the trans- 


formation. We may therefore apply equation (14) to this 
transformation. The total variation in energy is equal 
to the sum: 


AU = AU; + AU., 


where AU, is the variation in energy of the system S, and 


AU, is the variation in energy of the calorimetric water. 
Similarly, for the total work done, we have:. 


L= Lyt Le. 
From (14) we have, then, 


AUs + AU, + Ls + Le = 0; 
or, by (17), 


AUs + Ls = —(AU, + Be) 


—m(Aue + l). 


But from the definition (15), AU, + L 


s is the amount of 
heat Qs received by the System S. Thus 


, we have: 


Qs = —m(Au. + lo). (18) 
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We see from this that the amount of heat is proportional 
to m. 

On the other hand, in calorimetry the fact that m grams of 
calorimetric water have been heated from 14°C to 15°C 
means that m calories of heat have been transferred from 
the system S to the calorimeter; that is, that the system S 
has received — calories, or that Qs, expressed in calories, 
is equal to —m. We see also, by comparison with (18), 
that the amount of heat, as given by the definition (15), is 
proportional to the amount when it is expressed in calories; 
the constant of proportionality is (Aw. + l.). 

According to (15), heat is measured in energy units (ergs). 
The constant ratio between ergs and calories has been 
measured by many investigators, who have found that 


1 calorie = 4.185 X 10’ ergs. (19) 


In what follows we shall generally express heat measure- 
ments in energy units. 

Equation (15), which is a precise formulation of the 
equivalence of heat and work, expresses the first law of 
thermodynamics. 


4. The application of the first law to systems whose 
states can be represented on a (V, 5) diagram. We shall 
now apply the first law of thermodynamies to a system, 
such as a homogeneous fluid, whose state can be defined in 
terms of any two of the three variables V, p, and T. Any 
function of the state of the system, as, for example, its 
energy, U, will then be a function of the two variables 
which have been chosen to represent the state. 

In order to avoid any misunderstanding as to which are 
the independent variables when it is necessary to differ- 
entiate partially, we shall enclose the partial derivative 
symbol in a parenthesis and place the variable that is to 
be held constant in the partial differentiation at the foot 

aU 


of the parenthesis. Thus, m) means the derivative of 
s 
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U with respect to T' keeping V constant, when T' and V 
are taken as the independent variables. Notice that the 


aU 
above expression is in general different from (=) , because 
p 


in the first case the volume is kept constant while in the 
second case the pressure is kept constant. 

We now consider an infinitesimal transformation of our 
system, that is, a transformation for which the independent 
variables change only by infinitesimal amounts. We apply 
to this transformation the first law of thermodynamics as 
expressed by equation (15). Instead of AU, L, and Q, we 
must now write dU, dL, and dQ, in order to point out the 
infinitesimal nature of these quantities. We obtain, then, 


dU + dL = dQ. (20) 
Since for our system, dL is given by (3), we have: 
dU + pdV = dQ. (21) 


If we choose T and V as our independent variables, U 
becomes a function of these variables, so that: 


aU au 
Pes aed 
dU (35) ar + (5). dV, 


and (21) becomes: 


COLERE E 


taking T and p as independent variables, we have: 


Lr), + jr), | aT + E of 2”) | dp = dQ. (23) 


ap Op 
Finally, taking V and p as independent variables, we obtain: 


Qe enm eo 


The thermal capacity of a body is, by definition, the ratio, 
dQ/dT, of the infinitesimal amount of heat dQ absorbed by 
the body to the infinitesimal increase in temperature dT 


Similarly, 
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produced by this heat. In general, the thermal capacity 
of a body will be different according as to whether the body 
is heated at constant volume or at constant pressure. 
Let C, and C, be the thermal capacities at constant volume 
and at constant pressure, respectively. 

A simple expression for C, can be obtained from (22). 
For an infinitesimal transformation at constant volume, 


dV = 0; hence, 
_ (aQ\ _ (oU 
c. - (22), - (22), os 
Similarly, using (23), we obtain the following expression 
for C,: 
dQ\ — (aU oV 
c. = (38), = m), Gr). me 


The second term on the right-hand side represents the 
effect on the thermal capacity of the work performed during 
the expansion. An analogous term is not present in (25), 
because in that case the volume is kept constant so that no 
expansion occurs. 

The thermal capacity of one gram of a substance is called 
the specific heat of that substance; and the thermal capacity 
of one mole is called the molecular heat. The specific and 
molecular heats at constant volume and at constant pressure 
are given by the formulae (25) and (26) if, instead of taking 
an arbitrary amount of substance, we take one gram or 
one mole of the substance, respectively. 

5. The application of the firstlaw to gases. In the case 
of a gas, we can express the dependence of the energy on the 
state variables explicitly. We choose T and V as the 
independent variables, and prove first that the energy is a 
function of the temperature T only and does not depend 
on the volume V. This, like many other properties of 
gases, is only approximately true for real gases and is 
assumed to hold exactly for ideal gases. In section 14 w 
shall deduce from the second law of thermodynamics th 


NUT 
aama es Woo P 09 
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result that the energy of any body which obeys the equation 
of state, (7), of an ideal gas must be independent of the 
volume V. At this point, however, we shall give an experi- 
mental proof of this proposition for a gas; the experiment 
was performed by Joule. 

Into a calorimeter Joule placed a container having two 
chambers, A and B, connected by a tube (Figure 5). He 
filled the chamber A with a gas and evacuated B, the two 
chambers having first been shut off from each other by a 
stopcock in the connecting tube. After thermal equilibrium 
had set in, as indicated by a thermometer placed within the 
calorimeter, Joule opened the stopcock, thus permitting 
the gas to flow from A into B until the pressure everywhere 
in the container was the same. 
He then observed that there was 
only a very slight change in the 
reading of the thermometer. 
This meant that there had been 
practically no transfer of heat 
from the calorimeter to the cham- 
ber or vice versa. It is assumed 

Fig. 5. that if this experiment could be 
performed with an ideal gas, 
there would be no temperature change at all. 

We now apply the first law to the above transformation. 
Since Q = 0, we have from equation (15) for the system 
composed of the two chambers and the enclosed gas: 


AU +L — 0, 


where L is the work performed by the System and AU is the 
variation in energy of the system. Since the volumes of the 
two chambers A and B composing our system do not change 


during the experiment, our system can perform no external 
work, that is, L = 0, Therefore, 


AU =0; 


the energy of the system 


, and, hence, the ene f the gas 
do not change. oe 
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Let us now consider the process as a whole. Initially 
the gas occupied the volume A, and at the end of the process 
it filled the two chambers A and B; that is, the transforma- 
tion resulted in a change in volume of the gas. The experi- 
ment showed, however, that there was no resultant change 
in the temperature of the gas. Since there was no variation 
in energy during the process, we must conclude that a 
variation in volume at constant temperature produces no 
variation in energy. In other words, the energy of an ideal 
gas is a function of the temperature only and not a function of 
the volume. We may therefore write for the energy of an 
ideal gas: 


U = U(T). (27) 


In order to determine the form of this function, we make use 
of the experimental result that the specific heat at constant 
volume of a gas depends only slightly on the temperature; 
we shall assume that for an ideal gas the specific heat is 
exactly constant. In this section we shall always refer to 
one mole of gas; C, and C, will therefore denote the molecu- 
lar heats at constant volume and at constant pressure, 
respectively. 

Since U depends only on T, it is not necessary to specify 
that the volume is to be kept constant in the derivative in 
(25); so that, for an ideal gas, we may write: 

e, = n. (28) 
Since Cy is assumed to be constant, we can integrate at once, 
and we get: 


U = CT +W; (29) 


where W is a constant of integration which represents the 
energy left in the gas at absolute zero temperature.‘ 


* This additive constant affects the final results of the calculations only 
when chemical transformations or changes of the states of aggregation 
of the substances are involved. (See, for example, Chapter VL.) In all 
other cases, one may place the additive constant equal to zero. 
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For an ideal gas, equation (21), which expresses the first 
law of thermodynamics for infinitesimal transformations, 
takes on the form: 


CydT + pdV = dQ. (30) 
Differentiating the characteristic equation (7) for one mole 
of an ideal gas, we obtain: 
pdV + Vdp = RaT. (31) 
Substituting this in (30), we find: 
(Cy + R)dT — Vdp = dQ. (32) 


Since dp = 0 for a transformation at constant pressure, 
this equation gives us: 


T (2) =Cr+R. (33) 


That is, the difference between the molecular heats of a gas 


at constant pressure and at constant volume is equal to the 
gas constant R. 


The same result may also be obtained from (26), (29), and 
(7). Indeed, for an ideal gas we have from (29) and (7): 
La P ac AR ð RI) _R 
8T/. dp v" am. — aT pj, p' 
Substituting these expressions in (26), we again obtain (33). 
It can be shown by an application of kinetic theory that: 
C, =$ Rfora monatomie gas; and 
Cv = & R for a diatomic gas. (34) 


Assuming these values, which are in good agreement with 
experiment, we deduce from (33) that: 


C,— 8R fora monatomic gas; and 
Cy = $ R for a diatomic gas, (35) 
If we place 


eC» ORB 
Esci 


Lj 


R 
EM 6 
x2 (36) 
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we also obtain: 
K = $ for a monatomic gas; and 
K = 4 for a diatomic gas. (37) 

6. Adiabatic transformations of a gas. A transformation 
of a thermodynamical system is said to be adiabatic if it is 
reversible and if the system is thermally insulated so that no 
heat can be exchanged between it and its environment 
during the transformation. 

We can expand or compress a gas adiabatically by enclos- 
ing it in a cylinder with non-heat-conducting walls and 
piston, and shifting the piston outward or inward very 
slowly. If we permit a gas to expand adiabatically, it does 
external work, so that L in equation (15) is positive. Since 
the gas is thermally insulated, Q = 0, and, hence, AU must 
be negative. That is, the energy of a gas decreases during 
an adiabatic expansion. Since the energy is related to the 
temperature through equation (29), a decrease in energy 
means a decrease in the temperature of the gas also. 

In order to obtain a quantitative relationship between 
the change in temperature and the change in volume 
resulting from an adiabatic expansion of a gas, we observe 
that, since dQ = 0, equation (30) becomes: 


CydT + pdV = 0. 


Using the equation of state, pV = RT, we can eliminate p 
from the above equation and obtain: 


car + T ay = o, 


or 


Integration yields: 


log T 4- Z tog V = constant. 
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Changing from logarithims to numbers, we get: 
R 
TV** = constant. 


Making use of (36), we can write the preceding equation 
in the form: 


TYV*^ = constant. (38) 


This equation tells us quantitatively how an adiabatic 
change in the volume of an ideal gas determines the change 
in its temperature. If, for example, we expand a diatomic 
gas adiabatically to twice its initial volume, we find from 
(38) (assuming, according to (37), that K = 4) that the 
temperature is reduced in the ratio 1:2°* =1: 1.32. 

Using the equation of state, pV = RT, we can put equa- 


tion (38) of an adiabatic transformation in the following 
forms: 


pV* = constant. (39) 
L = constant. (40) ° 
= 


p 
Equation (39) is to be compared with the equation, 
DV — constant, 


of an isothermal transformation. On the (V, p) diagram, 
the isothermals are a family of equilateral hyperbolae; the 
adiabatic lines represented by equation (39), are qualita- 
tively similar to hyperbolae, but they are steeper because 
Ke ds 

Isothermal and adiabatic curves are represented in 
Figure 6, the former by the solid lines and the latter by the 
dotted lines. 

An interesting and simple application of the adiabatic 
expansion of a gas is the calculation of the dependence of the 
temperature of the atmosphere on the height above sea 
level. The principal reason for this variation of tempera- 
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ture with height above sea level is that there are convection 
currents in the troposphere which continually transport 
air from the lower regions to the higher ones and from the 
higher regions to the lower ones. When air from sea level 
rises to the upper regions of lower pressure, it expands. 
Since air is a poor conductor of heat, very little heat is 
transferred to or from the expanding air, so that we may . 
consider the expansion as taking place adiabatically. 
Consequently, the temperature of the rising air decreases. 
On the other hand, air from the upper regions of the atmos- 
phere suffers an adiabatie compression, and hence an 
increase in temperature, when it sinks to low regions. 

In order to calculate the 
change in temperature, we 
consider a column of air of unit 
cross section, and focus our 
attention on a slab, of height 
dh, having its lower face at a 
distance h above sea level. If 
p is the pressure on the lower 
face, then the pressure on the 
upper face will be p + dp, 
Where dp is the change in pres- Fig. 6. 
sure which is dueto the weight à 
of the air contained in the slab. If g is the acceleration of 
gravity and p is the density of the air, then the weight of the 
air in the slab is pgdh. Since an increase in height is 
followed by a decrease in pressure, we have: 


dp = — pgdh; (41) 
or, remembering (8), 
M 
dp = — 23 rah, 


where M is the average molecular weight of air; M = 28.88. 
The logarithmic derivative of (40) gives us: 
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This, together with the previous equation, gives: 


dT — K-—1gM 


= (42) 
dh K R 


Assuming 


K=%; g= 980.665; M = 28.88; R= 8.214 X 10, 
we obtain: 


A = — 9.8 X 10 * degrees/cm. 
h 


= — 9.8 degrees/kilometer. 


This value is actually somewhat larger than the died 
average decrease of temperature with altitude. The : 
ference is mainly owing to our having neglected the effec 


: : : es 
of condensation of water vapor in the expanding mass 
of air. 


Problems 


1. Calculate the energy variation of a system which performs 
3.4 X 108 ergs of work and absorbs 32 calories of heat. 


2. How many calories are absorbed by 3 moles of an pus am 
expanding isothermally from the initial pressure of 5 atmosp: °C ^ 
to the final pressure of 3 atmospheres, at the temperature of 0°C! 

3. One mole of a diatomic i 


deal gas performs a transformation 
from an initial state for wh 


ich temperature and volume a 
respectively, 291°K and 21,000 cc. to a final state in whic 


temperature and volume are 305°K and 12,700 cc. The trans- 
formation is represented on the (V, p) diagram by a straight line. 
To find the work performed and the heat absorbed by the system. 
4. À diatomie gas expands adiab 
times larger than the initial volume, 
18°C. Find the final temperature, 


atically to a volume a 
The initial temperature 1 


CHAPTER III 


'The Second Law of Thermodynamics 


7. The statement of the second law of thermodynamics. 
The first law of thermodynamics arose as the result of the 
impossibility of constructing a machine which could create 
energy. The first law, however, places no limitations on the 
possibility of transforming energy from one form into 
another. Thus, for instance, on the basis of the first law 
alone, the possibility of transforming heat into work or 
work into heat always exists provided the total amount of 
heat is equivalent to the total amount of work. 

This is certainly true for the transformation of work into 
heat: A body, no matter what its temperature may be, 
can always be heated by friction, receiving an amount of 
energy in the form of heat exactly equal to the work done. 
Similarly, electrical energy can always be transformed into 
heat by passing an electric current through a resistance. 
There are very definite limitations, however, to the pos- 
Sibility of transforming heat into work. If this were not 
the case, it would be possible to construct a machine which 
could, by cooling the surrounding bodies, transform heat, 
taken from its environment, into work. 

Since the supply of thermal energy contained in the soil, 
the water, and the atmosphere is practically unlimited, 
such a machine would, to all practical purposes, be equiva- 
lent to a perpetuum mobile, and is therefore called a per- 
petuum mobile of the second kind. 

The second law of thermodynamics rules out the pos- 
sibility of constructing a perpetuum mobile of the second 
kind. In order to give a precise statement of this law, we 
shall define what is meant by a source of heat of a given 
temperature. 

A body which is at the temperature ¢ throughout and is 
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conditioned in such a way that it can exchange heat but no 
work with its surroundings is called a source of heat of 
temperature i. As examples of this, we may consider 
bodies enclosed in rigid containers or bodies which undergo 
negligible variations of volume. A mass of water which is 
at the temperature ¢ throughout may be taken as a source of 
heat, since its volume remains practically constant. 


We can now state the second law of thermodynamics in 
the following form: 


A transformation whose only final result is to transform into 
work heat extracted from a source which is at the same tem- 


perature throughout is impossible. (Postulate of Lord 
Kelvin.) 


The experimental evidence in support of this law consists 
mainly in the failure of all efforts that have been made to 
construct a perpetuum mobile of the second kind. 

The second law can also be expressed as follows: 


A transformation whose only final result is to transfer heat 
from a body at a given temperature to a body at a higher tem- 
perature is impossible. (Postulate of Clausius.) 


Until now we have made use only of an empirical tem- 
perature scale. In order to give a precise meaning to the 
postulate of Clausius, we must first define what we mean 


1 An essential part of Lord Kelvin’s postulate is that the transformation 
of the heat into work be the only final result of the process. Indeed, it 1S 
not impossible to transform into work heat taken from a source all at one 
temperature provided some other change in the state of the system 19 
present at the end of the process. r 

Consider, for example, the isothermal expansion of an ideal gas that 1 
kept in thermal contact with a source of heat at the temperature T. Since 
the energy of the gas depends only on the temperature, and the temperature 
does not change during the process, we must have AU = 0. From the 
first law, equation (15), we obtain, then, L = Q. That is, the work, L, 
performed by the expanding gas is equal to the heat Q which it absorbs 
from the source. There is thus a complete transformation of heat, Q, into 
work L. This, however, is not a contradiction of Kelvin’s postulate, 
since the transformation of Q into Lis not the only final result of the process. 


At the end of the process, the gas occupies a volume larger than it did 2 
the beginning. 
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when we say that one body is at a higher temperature than 
another body. If we bring two bodies at different temper- 
atures into thermal contact, heat flows spontaneously by 
conduction from one of these bodies to the other. By 
definition, we shall now say that the body away from which 
heat flows is at a higher temperature than the other body. 
With this understanding, we can now state the postulate of 
Clausius as follows: 


If heat flows by conduction from a body A to another body B, 
then a transformation whose only final result is to transfer 
heat from B to A is impossible. 


We must now prove the equivalence of the Clausius and 
the Kelvin postulates. To do this we shall prove that if the 
Clausius postulate were not valid, the Kelvin postulate 
would not be valid, and vice versa. 

Let us first suppose that Kelvin’s postulate were not 
valid. Then we could perform a transformation whose 
only final result would be to transform completely into 
work a definite amount of heat taken from a single source 
at the temperature tı. By means of friction we could then 
transform this work into heat again and with this heat raise 
the temperature of a given body, regardless of what its 
initial temperature, t» , might have been. In particular, we 
could take t. to be higher than ¢,. Thus, the only final 
result of this process would be the transfer of heat from one 
body (the source at the temperature ¢;) to another body at a 
higher temperature, #2. This would be a violation of the 
Clausius postulate. 

The second part of the proof of the equivalence of the 
two postulates requires first a discussion of the possibilities 
of transforming heat into work. We give this discussion 
in the next section. 


8. The Carnot cycle. Since, according to Kelvin’s pos- 
tulate, it is impossible to transform into work heat taken 
from a source at a uniform temperature by a transformation 
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that leaves no other change in the systems involved in it, we 
need at least two sources at different temperatures tı and tz 
in order to perform such a transformation. If we have two 
such sources, we can transform heat into work by the 
following process, which is called a Carnot cycle. 

Consider a fluid whose state can be represented on a 
(V, p) diagram, and consider two adiabatics and two iso- 
thermals corresponding to the temperatures t,; and tz. 
These four curves intersect each other in the four points A, 
B, C, and D, as shown in Figure 7. Let AB and CD be the 
two isothermal lines having the temperatures tą and t, 
respectively. AC and BD are the two adiabatic lines. 
P The reversible cyclie transfor- 
mation ABDCA is called a Car- 
not cycle. 

The following example will il- 
lustrate how a Carnot cycle can 
actually be performed. We en- 
close our fluid in a cylindrical 
container which has nonconduct- 
ing lateral walls and a noncon- 
ducting piston at one end, so 
that heat can leave or enter the cylinder only through 
the other end (the base of the cylinder), which we take 
to be heat-conducting. Let i, and tz be two sources of 
heat that are so large that their temperatures remain 
sensibly unaltered when any finite amounts of heat are 
added to or subtracted from them. Let t; be larger than ti 

We assume that initially the volume and the pressure of 
the fluid inside the cylinder are V4 and p, , respectively, 
corresponding to the point A in Figure 7. Since this point 
lies on the isothermal corresponding to the temperature tz, 
the temperature of the fluid is equal to t; initially. If, 
therefore, we place the cylinder on the source £; , no transfer 
of heat will occur (Figure 8, A). Keeping the cylinder on 
the source tz, we raise the piston very slowly and thus 
increase the volume reversibly until it has reached the value 


Fig. 7. 
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V5 (Figure 8, B). This part of the transformation is rep- 
resented by the segment AB of the isothermal tə. The 
state of our system is now represented by the point B in 
Figure 7. 

We now place the cylinder on a thermal insulator and 
increase the volume very slowly until it has reached the 
value V, (Figure 8, D). Since the system is thermally 
insulated during this process, the process is represented in 
Figure 7 by the adiabatic segment BD. During this adia- 
batic expansion, the temperature of the fluid decreases 
from f» to 4, and the state of the system is now given by 
the point D in Figure 7. 


: 


Insu— Insu— 
D C A, 


A B 


Fig. 8. 


Placing the cylinder on the source tı, we now compress 
the fluid very slowly along the isothermal DC (Figure 7) 
until its volume has decreased to Ve (Figure 8, C). Finally, 
we place the cylinder on the thermal insulator again and 
very slowly compress the fluid adiabatically along the 
segment CA until its temperature has increased io fk. 
The system will now be at its initial state again, which is 
given by the point A in Figure 7 (Figure 8, A). 

During the isothermal expansion represented by the 
segment AB, the system absorbs an amount of heat Qe 
During the isothermal compression 


from the source tz. 
gment DC, the system absorbs an 


represented by the se 
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amount of heat —Q, from the source t, ; that is, it gives up 
an amount of heat Q, to the source ¢;. Thus, the total 
amount of heat absorbed by the system during the cycle is 
Qz — Qı. Let L be the amount of work done by the 
system during the transformation. This work is equal to 
the area bounded by the cycle in Figure 7. Making use of 
equation (16), which expresses the first law of thermo- 
dynamics for a cycle, we have: 

L-2Q.—Q. (43) 

This equation tells us that only part of the heat that is 
absorbed by the system from the source at the higher 
temperature is transformed into work by the Carnot cycle; 
the rest of the heat, Qı, instead of being transformed into 
work, is surrendered to the source at the lower temperature. 

We define the efficiency of the Carnot cycle as the ratio, 

L Q-Q Qı 
Gg 7m - 
of the work performed by the cycle to the heat absorbed at 
the high temperature source. 

Since the Carnot cycle is reversible, it can be carried out 
in the reverse direction. This can be done by performing 
all the transformations described above in the opposite 
sense. When this is done, the cycle absorbs the work L 
instead of producing it; and it absorbs the amount of heat 
Qı at the temperature t, and gives up the amount of heat 
Qs» at the temperature f; . 

As a first application of the Carnot cycle, we shall com- 
plete the proof of the equivalence of the Clausius and the 
Kelvin postulates by showing that if the Clausius postulate 
were not valid, Kelvin's postulate would not be valid either. 

Let us assume, in contradiction to Clausius’ postulate, 
that it were possible to transfer a certain amount of heat 
Q: from a source at the temperature 4, to a source at a 
higher temperature t; in such a way that no other change in 
the state of the system occurred. With the aid of a Carnot 
cycle, we could then absorb this amount of heat Q, and 
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produce an amount of work L. Since the source at the 
temperature i£; receives and gives up the same amount of 
heat, it suffers no final change. Thus, the process just 
described would have as its only final result the transfor- 
mation into work of heat extracted from a source which is 
at the same temperature 4; throughout. This is contrary 
to the Kelvin postulate. 


9. The absolute thermodynamic temperature. In the 
preceding section we described a reversible cyclic engine, 
the Carnot cycle, which performs an amount of work L 
during each of its cycles by absorbing a quantity of heat Q; 
from a source at the temperature t: and surrendering a 
quantity of heat Q, to a source at the lower temperature f£, . 
We shall say that such an engine works between the tem- 
peratures ¢; and ts. 

Consider now an engine working between the tempera- 
tures 4, (lower) and t: (higher). Let L be the work per- 
formed by the engine during each cycle, and let Q: and Q, 
be the amounts of heat per cycle absorbed at the tempera- 
ture i; and expelled at the temperature tı, respectively. 
This engine need not be a Carnot cycle; the only condition 
we impose on it is that it be cyclie: at the end of the process 
it must return to its initial state. 

We can easily show that if L > 0, that is, if the engine 
performs a positive amount of work, then Q: > 0 and 
Q » 0. . 

Let us assume first that Qı = 0. This would mean that 
the engine absorbed an amount of heat Q; from the source t, 
during the cycle. We could then place the two sources in 
thermal contact and let heat flow spontaneously by con- 
duction from the hotter source t: to the colder source t; 
until the latter had received exactly the same amount of 
heat as it had surrendered to the engine during the cycle. 
Since the source /, would thus remain unaffected, and the 
engine would be back in its initial state, the only final result 


of this process would be the transformation into work L of 
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heat absorbed from a single source which was initially at the 
same temperature £; throughout. Since this is in contra- 
diction to Kelvin's postulate, we must have Q, > 0. 

The proof that Q: > 0 is now very simple. Since our 
engine reverts to its initial state after the cycle, we have 
from the first law (see equation (16)): 


L= Q — Qi. 
But L » 0 by assumption, and we have already proved 
that Qi > 0; hence, we must have Qs > 0. 

We consider now a second engine working between the 
same temperatures ¢, and tz for which L’, Q; , and Q; are the 
quantities corresponding to L, Q+, and Q, for the first 
engine. We shall prove the following fundamental theorem: 

a. If the first engine is a reversible one,? then, 


Q: > Q (45) 
Q Q 

b. If the second engine also is reversible, then, 
Q Q (46) 
Q Q 


In part (a) of the theorem, we make no assumption 
whatever about the second engine; thus, it may or may not 
be reversible. 

If we apply equation (16) (the special form of the first 
law for a cycle) to our two engines, we see that the work 
performed by each engine during a cycle must be equal to 
the difference between the heat received from the source 


* and the heat given up at the source tı. Thus, we must 
ave: 


L= Q2 eae Qi, (47) 
and 


L' =Q, — Qi. (48) 


—— 
? By a “reversible” 


P engine we mean one which o erate: nd a revers- 
ible cycle. i Paroa 
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The ratio Q2/Q; can certainly be approximated by a 
rational number to as high an accuracy as we may wish. 
We may therefore place 

^ 
e v (49) 
where N and N’ are positive integers. 

We now consider a process consisting of N’ cycles of the 
second engine and N reverse cycles of the first engine. 
This is a permissible process, since we have assumed that 
the first engine is reversible. When operated in the reverse 
sense, the first engine absorbs an amount of work L during 
each reverse cycle, giving up an amount of heat Qs to the 
source ft. and absorbing an amount of heat Q, from the 


source Zi. 
The total work performed by the two engines during the 


complex process described above is: 
Lowi = N'L' — NL. 
The total amount of heat absorbed from the source i; is: 
Qs = N'Q: — NQi 
and the total amount of heat given up to the source 7; is: 
Qiu = N'Q: — NQ. 
From (47) and (48) we obtain immediately: 
Low = Qe, total — Qi, total - 
But from (49) we deduce that: 
Qe toti = 0. (50) 
Hence, 
Liota = —Q1, total- (51) 


Equation (50) states that the complete process produces 
no exchange of heat at the high te:nperature tz; and equation 
(51) states that the heat absorbed from the source i; 
(equal to —Qi tt) is transformed into the work La. 
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Since the complete process is composed of several cycles 
of each engine, both engines will come back to their initial 
states at the completion of the process. From this we see 
that Lora cannot be positive; for if it were positive, the 
only final result of the complete process would be the trans- 
formation into work, Li, of heat, —Qi tota, absorbed 
from a source which is at the temperature tı throughout. 
But this would contradict Kelvin's postulate. Hence, we 
must have: 


Low S 0. 
Because of equation (51), this inequality is equivalent to 
Qiii = 0; 
and remembering the expression for Qi totai, We obtain: 
N'Q = NQ. 


If we eliminate N’ and N from this expression with the aid 


of equation (49), we get, since all the quantities in (49) 
are positive, 


QQ = QQ, 
or 
Q & 
Q Q' 
which is identical with (45). 

In order to compete the proof of our fundamental theorem, 
we must show that if the second engine also is reversible, 
then the equality sign holds, as shown in equation (46). 

If we take the second engine to be reversible, we have, on 
terchanging the two engines and applying the inequality of 
part (a) of our theorem to the new arrangement, 


9.9 
q^ 


Both this inequality and (45) must hold in the present case 


in 
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because both engines are reversible. But these two in- 
equalities are compatible only if the equality sign holds. 
We can restate the theorem just proved as follows: 


If there are several cyclic heat engines, some of which are 
reversible, operating around cycles between the same tem- 
peratures t, and t, all the reversible ones have the same effi- 
ciency, while the nonreversible ones have efficiencies which can 
never exceed the efficiency of the reversible engines. 


We consider first two reversible engines. The fact that 
their efficiencies are equal follows immediately from (46) 


and the definition (44) of efficiency. f 
If we have a reversible and a nonreversible engine, we 


obtain from the inequality (45): 


Hence, 


Comparing this with equation (44), we see that the 
efficiency of the irreversible engine can never exceed that of 


the reversible one. ; 
Our fundamental theorem shows us that the ratio Q2/Q1 


has the same value for all reversible engines that operate 
between the same temperatures tı and tz; that is, this ratio 
is independent of the special properties of the engine, 
provided it is reversible: it depends only on the temperatures 
tı and t2. We may therefore write: 
Q _ flh, t), (52) 
Qı 
where f(t , t) is a universal function of the two tempera- 
tures t, and tz. 
We shall now prove that the function (tr, t2) has the 
following property: 
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" f (to, t) 
ind 7. 


where to , tı , and i; are three arbitrary temperatures. 

Let A; and A; be two reversible cyclic engines which 
work between the temperatures to and £; and t, and tz, 
respectively. If A, absorbs an amount of heat Q, at the 
temperature /, and gives up an amount of heat Qo at the 
temperature /; during a cycle, then from (52) we have: 


(53) 


= f(t, à). 


Similarly, if A; absorbs an amount of heat Q: at the 
temperature ¢2 and gives up an amount of heat Qo at the 
temperature to (we assume, for the sake of simplicity, that 
the two engines are so chosen that they give up equal 
amounts of heat at the temperature to) during each cycle, 
then, 


Q 
a> S(to, b). 
Dividing this equation by the preceding one, we have: 


Qz _ fllo, t) 
Q Fiort)’ di 
Consider now a complex process consisting of a direct 
cycle of the engine A» and a reverse cycle of the engine A; . 
"This process is obviously a reversible cycle, since it consists 
of two separate reversible cycles. During the complex 
process no heat is exchanged at the temperature to, because 
the amount of heat Qo which is surrendered by the engine 
A» at the temperature ty is reabsorbed at that temperature 
by the engine A, operating in the reverse sense. However, 
at the temperature t» an amount of heat Q» is absorbed by 
As, and at the temperature łı an amount of heat Q, is 
expelled by the engine A, during the cycle. We may 
therefore consider A; and A;, when working together in the 
manner described above, as forming a reversible cyclic 
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engine which operates between the temperatures i; and tz. 
For this engine we have, by definition of the function f: 


$ = fh, t). 

Comparing this equation with (54), we obtain (53). Q.E.D. 
Since the temperature ġo in the above discussion is 

arbitrary, we may keep it constant in all our equations; 

from this it follows that we may consider f(to, t) as being a 

function of the temperature t ouly; we therefore place 


Kf(to,t) = 6), (55) 


where K is an arbitrary constant. . 
Making use of (55), we can now put (53) in the form: 


Q = Hh, t) = Alt) (56) 


This equation tells us that f(t, t») is equal to the ratio of a 
function of the argument t: to the same function of the 
argument t; . "m 
Since we have used an empirical temperature t, it is 
obviously impossible to determine the analytical form of 
the function @(t). Since, however, our scale of tempera- 
tures is an arbitrary one, we can conveniently introduce a 
new temperature scale, using 0 itself as the temperature, 
instead of t. . . 
It should be noticed, however, that 6(/) is not quite 
uniquely defined; it can be seen from (56) or (55) that a(t) is 
indeterminate to the extent of an arbitrary multiplicative 
constant factor. We are therefore free to choose the unit 
of the new temperature scale 0 in any way we see fit. The 
usual choice of this unit is made by placing the difference 
between the boiling temperature and the freezing tem- 
perature of water at one atmosphere of pressure equal to 
100 degrees. . : 
d remis scale which we have just defined is 
called the absolute thermodynamic scale of temperature. 
It has the advantage of being independent of the special 
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properties of any thermometric substance; furthermore, all 
the thermodynamic laws take on a simple form when this 
scale of temperature is used. 

We shall now show that the absolute thermodynamic tem- 
perature 6 coincides with the absolute temperature T intro- 
duced in section 2 with the aid of a gas thermometer. 

We consider a Carnot cycle performed by an ideal gas 
(for simplicity, we take one mole of gas). Let T, and T; be 
the temperatures (as measured by a gas thermometer) of 
the two isothermals of the Carnot cycle. (See Figure 7.) 
We first calculate the amount of heat Q: absorbed at the 
temperature T; during the isothermal expansion AB. 
Applying the first law, equation (15), to the transformation 
AB, and indicating by the subscripts A and B quantities 
that belong to the states A and B, we have: 


Us — U, + Las = Q, 
where Las is the work performed during the isothermal 
expansion and can be calculated with the aid of equation (10) : 


Vs 
Las = " E 
as = RT: log Y. 
We now make use of the fact that the energy of an ideal 
gas is a function of T only (see section 5). Thus, since A and 
B lie on the same isothermal, we must have U, = Uz, so that 
Qe = Lan = RT: low Us. 

Va 
. In a similar fashion, we can prove that the amount of heat 
given up at the source T', during the isothermal compression 

represented by the segment DC is: 


Qı = RT; log 5. 


Since the two points A and C lie on an adiabatic curve, We 
have, from (38): 


Ti P = T; VE 
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and similarly, 
TVi = TVS. 


Dividing this equation by the preceding one and extracting 
the (K — 1)th root, we get: 


From this equation and the expressions for Q: and Qi, 
we obtain: 

Qe ET Ts 
Q T. 

This equation shows us that the ratio Q»/Q; is equal to 
the ratio, T;/T, , of the temperatures of the sources when 
these temperatures are expressed on the gas thermometer 
scale of temperature. But from (56) it follows that Q/Q; 
is also equal to the ratio of the temperatures of the Sources 
When these temperatures are expressed in units of the 
absolute thermodynamic scale. Hence, the ratio of the two 
temperatures on the absolute thermodynamic scale is 
equal to that ratio on the gas thermometer scale ; that is, 
the two temperature scales are proportional. Since the 
units of temperature for both scales have been chosen equal, 
we conclude that the two scales themselves are equal, 
that is, 

8-T. (87) 

Since 0 and T are equal, we need no longer use two 
different letters to indicate them; henceforth, we shall 
always use the letter T to denote the absolute thermo- 


dynamic temperature. : 
Using T in place of 8, we have from (56) for a reversible 
cycle between the temperatures T; and T: 


i. m (58) 
Qi Ti 


44 SECOND LAW OF THERMODYNAMICS 


And the efficiency (44) of a reversible engine becomes: 


ILI D (59) 


10. Thermalengines. We have already proved that no 
engine working between two temperatures can have a 
higher efficiency than a reversible engine working between 
the same two temperatures. Thus, (59) represents the 
highest possible efficiency that an engine working between 
the temperatures T, and T: can have. 

In most thermal engines the low temperature T. is the 
temperature of the environment, and is thus uncontrollable. 
It is therefore thermodynamically desirable to have the 
temperature T, as high as possible. Of course, we must 
always bear in mind the fact that the actual efficiency is 
generally considerably lower than the maximum efficiency 
(59) because all thermal engines are far from being reversible. 

A Carnot cycle operated in the reverse sense can be used 
to extract an amount of heat Q, from a source at the low 
temperature T, by absorbing an amount of work L. From 
(43) and (58) we easily deduce that: 


(60) 


On this principle we can construct a refrigerating machine 
using the temperature of the environment as the high 
temperature T?. A Carnot cycle operated in the reverse 
sense could thus be used to extract the heat Q, from a body 
cooled to a temperature, T;, lower than the temperature 
of the environment, T. It is evident from (60) that the 
amount of work needed to extract a given quantity of heat 
Qı from a body which is at the temperature T, becomes 
larger and larger as the temperature T, of the body decreases. 

Asin the case of an ordinary thermal engine, the efficiency 
of a refrigerating machine is considerably lower than the 
thermodynamical efficiency (60) because irreversible proc- 
esses are always involved in refrigerating devices. 
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Problems 

1. One mole of a monatomic gas performs a Carnot cycle 
between the temperatures 400? K and 300? K. On the upper 
isothermal transformation, the initial volume is 1 liter and the 
final volume 5 liters. To find the work performed during a cycle, 
and the amounts of heat exchanged with the two sources. 

2. What is the maximum efficiency of a thermal engine 
working between an upper temperature of 400° C and a lower 
temperature of 18° C? 

3. Find the minimum amount of work needed to extract one 
calorie of heat from a body at the temperature of 0° F, when the 
temperature of the environment is 100° F. 


CHAPTER IV 
The Entropy 


11. Some properties of cycles. Let us consider a system 
S that undergoes a cyclic transformation. We suppose 
that during the cycle the system receives heat from or 
surrenders heat to a set of sources having the temperatures 
Ti, Ta, ++, Tn. Let the amounts of heat exchanged 
between the system and these sources be Qi, Qo, +++ , Qn, 
respectively; we take the Q’s positive if they represent heat: 
received by the system and negative in the other case. 

We shall now prove that: 


ze <0, (61) 


and that the equality sign holds in (61) if the cycle is 
reversible. 

In order to prove (61) we introduce, besides the n sources 
listed above, another source of heat at an arbitrary tem- 
perature To, and also n reversible cyclic engines (we shall 
take n Carnot cycles, Ci, C2, +++ , Ca) operating between 
the temperatures Ti, Ta, +++ , Ta, respectively, and the 
temperature To. We shall choose the ith Carnot cycle, 
C;, which operates between the temperatures T; and To, 
to be of such a size that it surrenders at the temperature T: 
the quantity of heat Q;, that is, an amount equal to that 
absorbed by the system S at the temperature T. 


According to (58), the amount of heat absorbed by C: 
from the source T is: 


Ti 
Quo = Qs. (62) 
We now consider a complex cycle consisting of one cycle 


of the system S and one cycle of each of the Carnot cycles 
46 


THE ENTROPY 47 


Ci, Co, +++, Cna. The net exchange of heat at each of 
the sources Ti, Tz, ++- , Ta during the complex cycle is 
zero; the source T; surrenders an amount of heat Q; to the 
system S, but it receives the same amount of heat from the 
cycle C;. The source To, on the other hand, loses an 
amount of heat equal to the sum of the amounts (given by 
(62)) absorbed by the Carnot cycles Ci, Cs, +--+ , Cy. 
Thus, the source To surrenders altogether an amount of 
heat equal to 
Q= Èun g. (63) 
Hence, the net result of our complex cycle is that the 
system composed of S and Ci, Cs, +> , C, receives an 
amount of heat Qo from the source To. But we have 
already seen that in a cyclic transformation the work 
performed is equal to the total heat received by the system. 
Thus, since S, C1, C2, ++: , C, return to their initial states 
at the end of the complex cycle, the only final result of the 
complex cycle is to transform into work an amount of heat 
received from a source at a uniform temperature To. If Qo 
were positive, this result would be in contradiction to 
Kelvin’s postulate. It therefore follows that Qo < 0, or, 


from (63), 
Qr 2 
Lyso 
which is identical with (61). 

If the cycle performed by S is reversible, we can describe 
it in the opposite direction, in which case all the Q; will 
change sign. Applying (61) to the reverse cycle, we 
obtain: 


or 
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Thus, if the cycle is reversible, this inequality, as well as 
(61), must be satisfied. This is possible only if the equality 
sign holds. For a reversible cycle, therefore, we must have: 

^. Q; 
»» p.79 (64) 

This completes the proof of our theorem. 

In establishing (61) and (64), we assumed that the 
system exchanges heat with a finite number of sources 
Ti, Ts, +++, Ta. It is important, however, to consider 
the case for which the system exchanges heat with a con- 
tinuous distribution of sources. In that case, the sums in 


(61) and (64) must be replaced by integrals extended over 
the entire cycle. 


Denoting by f the integral extended over a cycle and by 


dQ the infinitesimal amount of heat received by the system 
from a source at the temperature T, we have: 


dQ 
T s (65) 
which is valid for all cycles, and 
dQ 
$ T5 (66) 


which is valid only for reversible cycles. 


12. The entropy. The property of a reversible cycle 
which is expressed by (66) can also be stated in the following 
form. Let A and B be two equilibrium states of a system S. 


1 In order to avoid misunderstandings as to the meaning of (65) and (66), 
we must point out that T represents the temperature of the source which 
surrenders the quantity of heat dQ, and is not necessarily equal to the 
temperature T” of the system (or of part of the System) which receives the 
heat dQ. Indeed, if the cycle is irreversible (relation (65)), T" X T when 
dQ is positive, because heat cannot flow from a colder body to a hotter body; 
and when dQ is negative, T' = T. If the cycle is reversible, however 
(equation (66)), we must always have T" = T, because an exchange of heat 
between two bodies at different temperatures is not reversible. In (66) 
we may therefore take T' to be the temperature of the source and also the 
temperature of the part of the system that receives the heat dQ. 
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Consider a reversible transformation which takes the system 

from its initial state A to the final state B. In most cases 

many reversible transformations from A to B will be pos- 

n sible. Forexample, if the state 

of the system can be repre- 

sented on a (V, p) diagram, 

5 any continuous curve connect- 

ing the two points A and B (rep- 

resenting the initial and final 

States of the system) corre- 

sponds to a possible reversible 

transformation from A to B. 

Big. 9. In Figure 9, three such trans- 
formations are shown. 

Consider now the integral: 


LF 
A um 


extended over a reversible transformation from A to B 
(dQ is the amount of heat absorbed reversibly by the system 
at the temperature T). We shall prove that the above 
integral is the same for all reversible transformations from 
A to B; that is, that the value of the integral for a reversible 
transformation depends only on the extreme 

states A and B of the transformation and not 

on the transformation itself. 

In order to prove this theorem, we must T 
show that if I and II are two reversible 
transformations from A to B (in Figure 
10, the states are represented as points and the transfor- 
mations as lines merely as a visual aid to the proof), then, 


(f. P) = (f. Phy (67) 


where the two integrals are taken along the paths I and II, 


respectively. 
Consider the cyclic transformation A I BII A. Thisisa 


B 


Fig. 10. 
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reversible cycle, since it is made up of two reversible trans- 
formations. We may therefore apply (66) to it, so that 


f dQ 
Sw 0 
awia T 


This integral can be split into the sum of two integrals: 


CPAU Pa 


^d 
The second integral in this expression is equalto — ( f 2 


because in the transformation from B to A along II, dQ 
takes on the same values, except for sign, as it does in the 
transformation from A to B along II. Hence we obtain 
(67), and thus prove our theorem. 

The property expressed by (67) enables us to define a 
new function of the state of a system. This function, 
which is called the entropy and is of utmost importance in 
thermodynamics, is defined in the following way: 

We arbitrarily choose a certain equilibrium state O of our 
system and call it the standard state. Let A be some other 
equilibrium state, and consider the integral: 


S(A) = f : a (68) 


taken over a reversible transformation. We have already 
seen that such an integral depends only on the states O and 
A and not on the particular reversible transformation 
from O to A. Since the standard state O is fixed, however, 
we may say that (68) is a function of the state A only. 
We shall call this function the entropy of the state A. 


? The necessity of restricting this definition of the entropy to equilibrium 
states only arises from the fact that the transformation from O to A must 
be reversible; that is, it must be a succession of equilibrium states. Hence 
it follows from continuity considerations that the initial and final states 
O and A must also be equilibrium states. 

In many cases, however, it is possible to define the entropy even for 
non-equilibrium states. Let us consider, for example, a system composed 
of several homogeneous parts at different temperatures and pressures. 
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Consider now two equilibrium states A and B, and let 
S(A) and S(B), respectively, be the entropies of these 
states. We shall show that: 

B 
S(B) — S(A) = Í A (69) 
A 
where the integral is taken over a reversible transformation 
from state A to state B. 

In order to prove this, we note that the integral on the 
right-hand side of (69) has the same value for all reversible 
transformations from A to B. We may therefore choose a 
particular transformation consisting of two successive 
reversible transformations: first à reversible transformation 
from A to the standard state O and then a reversible 
transformation from O to B. Thus, the integral in (69) 
can be written as the sum of two integrals: 


? dQ ? qQ ? aQ 
| &- » $4[ EE (70) 


We have by the definition (68): 
B dQ 
S(B) = | qe 


since the transformation from O to B is reversible. We 
have further: 


a T 
Substituting these two values for the integrals on the 
right-hand side of (70), we obtain (69). Q.E.D. 
The definition (68) of the entropy requires the arbitrary 
choice of a standard state O. We can easily prove that if, 
instead of O, we choose a different standard state O', then 


Let each part, however, have a uniform temperature and pressure. If the 
different parts are in direct contact with each other, the system will evi- 
dently not be in equilibrium, since heat will flow from the hotter to the 
colder parts, and the differences of pressure will give rise to motion. If, 
however, we enclose each part in & thermally insulating rigid container, our 
system will be in equilibrium, and we shall be able to determine its en- 


tropy. 
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the new value, S'(A), which we find for the entropy of the 
state A differs from the old one, S(A), only by an additive 
constant. 

If we take O' as the new standard state, we have, by 
definition, 


" “dQ 
Fu oe 
where the integral is extended over a reversible transforma- 


tion from O' to A. By applying (69) to this integral, we 
find that 


S'(A) = S(A) — S(O’), 
or 


S(A) — S'(A) = S(O’). (71) 


Since the new standard state O' is fixed, however, S(O’) is a 
constant (that is, it is independent of the variable state A). 
Thus (71) shows that the difference between the entropies 
of state A obtained with two different standard states, O 
and O', is a constant. 

The entropy is thus defined except for an additive con- 
stant. This indeterminacy will not trouble us when we are 
dealing with entropy differences; in several problems, 
however, the additive constant in the entropy plays an 
important role. We shall see later how the third law of 
thermodynamics completes the definition of the entropy and 
also enables us to determine the entropy constant (see 
Chapter VIII). 

Both from (68) and from (69) it follows, if we consider an 
infinitesimal reversible transformation during which the 
entropy varies by an amount dS and the system receives an 
amount of heat dQ at the temperature T, that 


dQ 
dS = — 
IS T (72) 
That is, the variation in entropy during an infinitesimal 


reversible transformation is obtained by dividing the amount 
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of heat absorbed by the system by the temperature of the 
System. 

'The entropy of a system composed of several parts is very 
often equal to the sum of the entropies of all the parts. 
This is true if the energy of the system is the sum of the 
energies of all the parts and if the work performed by 
the system during a transformation is equal to the sum of 
the amounts of work performed by all the parts. Notice 
that these conditions are not quite obvious and that in 
some cases they may not be fulfilled. Thus, for example, 
in the case of a system composed of two homogeneous 
substances, it will be possible to express the energy as the 
sum of the energies of the two substances only if we can 
neglect the surface energy of the two substances where they 
are in contact. The surface energy can generally be 
neglected only if the two substances are not very finely 
subdivided; otherwise, it can play a considerable role. 

Let us assume for the sake of simplicity that our system s 
is composed of only the two partial systems sı and s2. We 
suppose that the energy U of s is equal to the sum of the 
energies U, and Uz of s; and s:: 

U = Ui + Us; 
and that the work L performed by s during a transformation 
is equal to the sum of L, and La, that is, to the sum of the 
work performed by s; and s», respectively: 

L= Lı tl. 

From these assumptions and from (15) it follows that the 
heat Q received by the system s during a transformation 
can be written as the sum, 


Q € Qi $ Qz, 
of the amounts of heat received by the two parts. This 


enables us to split the integral (68), which defines the 
entropy, into the sum: 
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“dQ _ [*daa * dQ: 
S(A) -Í T Í T «f T! 


of two integrals which define the entropies of the two partial 
systems s; and s».? 

When the conditions for its validity are fulfilled, this 
additivity of entropy enables us in several cases to define 
the entropy of a system even though the system is not in a 
state of equilibrium. This is possible if we can divide the 
given system into a number of parts each of which alone 
is in a state of equilibrium. We can then define the entropy 
of each of these parts and, by definition, place the entropy 


of the total system equal to the sum of the entropies of all 
the parts.* 


13. Some further properties of the entropy. Consider 
two states A and B of a system. We have from (69): 


B dQ 

S(B) — S(A) = Í T 

provided the integral is taken over a reversible transforma- 

tion from A to B. If, however, the integral is taken from 

A to B over an irreversible transformation, the preceding 

equation no longer holds. We shall show in that case that 
we have, instead, the inequality 


S(B) — S(A) > Í ” m (73) 


In order to show this, we take our sys- 

Z ? tem from A to B along an irreversible 
transformation, 7, and back to A again 

A A along a reversible transformation R (see 
Fig. i, Figure 11. I and R together form an ir- 


reversible cycle AJ BRA. If we apply 
(65) to this irreversible cycle, we obtain: 


* It should be noticed that if the standard state O and the state A of the 
total system are given, the corresponding states of the two parts that 
compose the total system are known. These states of the two partial 
systems have been indicated by the same letters O and A, 


* It ean easily be proved that all the properties already shown to applY 
to the entropy apply also to this generalized definition. 


THE ENTROPY 55 


o= fe) m). 


Since (69) can be applied to the reversible transformation, 
R, from B to A, we have: 


4dQ\ _ B 
(f 2 = B(A). — S(B). 


Substituting this in the preceding inequality, we obtain: 
B dQ 
oz([, SF) - 1509 - sa), 
A € 


so that, for the general case of any type of transformation 
from A to B, we have: 


n 20 < sup) - SA), 


which is identical with (73). Q.E.D. 

For a completely isolated system, (73) takes on a very 
simple form. Since for such a system dQ = 0, we now find 
that: 


S(B) = S(4); (74) 


that is, for any transformation occurring in an isolated system, 
the entropy of the final state can never be less than that of the 
initial state. If the transformation is reversible, the 
equality sign holds in (74), and the system suffers no change 
in entropy. 

It should be clearly understood that the result (74) 
applies only to isolated systems. Thus, it is possible with 
the aid of an external system to reduce the entropy of a 
body. The entropy of both systems taken together, 


however, cannot decrease. ; 

When an isolated system is in the state of maximum 
entropy consistent with its energy, it cannot undergo any 
further transformation because any transformation would 
result in a decrease of entropy- Thus, the state of maximum 
entropy is the most stable state for an isolated system. The 
fact that all spontaneous transformations in an isolated 
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system proceed in such a direction as to increase the entropy 
can be conveniently illustrated by two simple examples. 

As the first example, we consider the exchange of heat by 
thermal conduction between two parts, A; and As, of a 
system. Let T; and T be the temperatures of these two 
parts, respectively, and let T, < T. Since heat flows by 
conduction from the hotter body to the colder body, the 
body A; gives up a quantity of heat Q which is absorbed by 
the body Ai. Thus, the entropy of A: changes by an 
amount Q/T;, while that of Az changes by the amount 
—Q/T;. The total variation in entropy of the complete 
System is, accordingly, 


Since T, < T}, this variation is obviously positive, so that 
the entropy of the entire system has been increased. 

As a second example, we consider the production of heat 
by frietion. 'This irreversible process also results in an 
increase of entropy. The part of the system that is heated 
by friction receives a positive amount of heat and its entropy 
increases. Since the heat comes from work and not from 
another part of the system, this increase of entropy is not 
compensated by a decrease of entropy in another part of 
the system. 

The fact that the entropy of an isolated system can never 
decrease during any transformation has a very clear inter- 
pretation from the statistical point of view. Boltzmann 
has proved that the entropy of a given state of a thermo- 
dynamical system is connected by a simple relationship 
to the probability of the state. 

We have already emphasized the difference between the 
dynamical and thermodynamical concepts of the state of a 
system. To define the dynamical state, it is necessary to 
have the detailed knowledge of the position and motion of 
all the molecules that compose the system. The thermo- 
dynamical state, on the other hand, is defined by giving 
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only a small number of parameters, such as the temperature, 
pressure, and so forth. It follows, therefore, that to the 
same thermodynamical state there corresponds a large 
number of dynamical states. In statistical mechanics, 
criteria are given for assigning to a given thermodynamical 
state the number r of corresponding dynamical states. 
(See also section 30.) This number ~ is usually called the 
probability of the given thermodynamical state, although, 
strictly speaking, it is only proportional to the probability 
in the usual sense. The latter can be obtained by dividing + 
by the total number of possible dynamical states. 

We shall now assume, in accordance with statistical 
considerations, that in an isolated system only those 
spontaneous transformations occur which take the system 
to states of higher probability, so that the most stable 
state of such a system will be the state of highest probability 
consistent with the given total energy of the system. 

We see that this assumption establishes a parallelism 
between the properties of the probability z and the entropy 
S of our system, and thus suggests the existence of a func- 
tional relationship between them. Such a relationship was 
actually established by Boltzmann, who proved that 


S = klog 7, (75) 
where k is a constant called the Boltzmann Constant and is 
equal to the ratio, 

R 

A’ 
of the gas constant F to Avogadro’s number A. . 
Without giving a proof of (75), we can prove, assuming 
the existence of a functional relationship between S and z, 
S = f(), (77) 
that the entropy is proportional to the logarithm of the 


probability. 
Consider a system composed of two parts, and let S; and 


(76) 
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S: be the entropies and 7 and r: the probabilities of the 
states of these parts. We have from (77): 

Si = I(r); Ss = St (m2). 


But the entropy of the total system is the sum of the two 
entropies: 


S = Si + 82; 


and the probability of the total system is the product of 
the two probabilities, 


T = T7172. 


From these equations and from (77) we obtain the 
following: 


S(mi2) = f(m) + fm). 


The function f must accordingly obey the functional 
equation: 


fy) = fx) +f). (78) 


This property of f enables us to determine its forra. Since 
(78) is true for all values of z and y, we may take y = 1+ € 
where eis an infinitesimal of the first order. Then, 


f(x + xe) = f(x) + fl + 9. 


Expanding both sides by Taylor’s theorem and neglecting 
all terms of an order higher than the first, we have: 


f(z) + zqd'(z) = f(z) -- f) + q'Q). 
For e = 0, we find f(1) = 0. Hence, 
af'(z) = f'(0) = k, 
where k represents a constant, or: 
fG) =E 
g 
Integrating, we obtain : 


f(r) = k log £ + const, 
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Remembering (77), we finally have: 
S = k log r + const. 


We can place the constant of integration equal to zero. 
'This is permissible because the entropy is indeterminate 
to the extent of an additive constant. We thus finally 
obtain (75). 

Of course, it should be clearly understood that this 
constitutes no proof of the Boltzmann equation (75), since 
we have not demonstrated that a functional relationship 
between S and sz exists, but have merely made it appear 
plausible. 


14. The entropy of systems whose states can be repre- 
sented on a (V, p) diagram. For these systems the state is 
defined by any two of the three variables, p, V, and T. 
If we choose T and V as the independent variables (the 
state variables), the heat dQ received by the system during 
an infinitesimal transformation as a result of which T' and V 
change by amounts dT and dV is given by the differential 
expression (22) 


o- GrG] m 


From this and (72) we obtain: 


EEO 


These two differential expressions for dQ and dS differ in 
one very important respect. We know from the general 
theory that there exists a function S of the state of the 
system. In our case, S will therefore be a function of the 
variables T' and V, which define the state of the system: 


S = S(T, V). (81) 

The differential expression on the right-hand side of (80) is 

therefore the differential of a function of the two independent 
variables T and V. 
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In general, a differential expression of two independent 
variables x and y, such as: 


dz = M(x, y)dz + N(z, y)dy, (82) 


is said to be a perfect differential if it is the differential of a 
function of vand y. We may accordingly say that (80) is a 
perfect differential of the independent variables T' and V. 

Itis well known that if dz is a perfect differential, then M 
and N must satisfy the following equation: 


àM(z,y)  aN(z,y) 


83 
oy ox m 


When this condition is fulfilled, it is possible to integrate 
(82) and thus find a function which satisfies that equation. 
Otherwise, no such function ex- 
ists, and dz cannot be considered 
as being the differential of some 
function of x and y; then, the in- 
tegral of (82) along a path con- 
necting two points on the (x, y) 
Fig. 12. plane depends not only on these 


two points (the limits of the in- 
tegral) but also on the path joining them. 


As regards the two differential expressions (79) and (80), 
we have already noticed that dS is a perfect, differential. 
If we consider two states A an 


II (see Figure 12), 

and II, we get t ases, namel 
Ys 

B(B) — S(A). M, on the à 


other hand, we integrate dQ 
along these two different paths, we obtain two results, 


Qi and Q: ; Which in general are not equal. This can be 
easily verified by applying the first law of thermodynamics, 


(15), to the two transformations I and IL. On doing this, 
we find that: 


Qr 


U(B) — U(A) + Lr 
Qu 


U(B) — U(A) + Ln. 


oll 
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Taking the difference of these two expressions, we obtain: 
Qr -— Qu =e Li — Ln. 


L, and L; are given by the areas AIBB'A'A and AIIBB'A'A, 
respectively. Since the difference between these two areas 
is equal to the area AIBIIA, it follows that L, — L,, and, 
therefore, Q; — Qr also, are, in general, different from zero. 
Thus, (79) is not a perfect differential, and no function Q 
of the state of the system can be found. It should be 
‘noticed that if a heat fluid really existed, as had been 
assumed before modern thermodynamics was developed, a 
function Q of the state of the system could be found. 

Let us consider, as an example of the preceding con- 
siderations, the expressions for dQ and dS for one mole of an 
ideal gas. From (30) we have: 

dQ = CyaT + pdV, 
or, on eliminating p with the aid of the equation of state, 
pV = RT, 


dQ = CyaT + 7 av. (84) 


This expression is not a perfect differential, and one can 
immediately verify that the condition (83) is not fulfilled. 
From (84) and (72) we obtain: 
dj  Ukes Ha » 
ag =F = pal + ya (85) 
Since the condition (83) is now 
perfect differential. f 
On integrating (85), we obtain: 
S= Crlog T + Rlog V +4, (86) 


where a is a constant of integration. This additive constant 
remains undetermined in accordance with the definition 
(68) of the entropy. (See, however, section 32.) 

We can transform the expression (86) for the entropy of 
one mole of an ideal gas by introducing in place of V its 


fulfilled, this expression is a 
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value V — RT/p obtained from the equation of state. 
Remembering (33), we obtain: 


S = C,log T — R log p + a + R log R. (87) 
Returning to the general case of any substance whose 
state can be defined by the variables T and V, we obtain 


the expression (80) for the differential of the entropy. 
The condition (83), when applied to this expression, gives: 


a 15) - eli aU )| 

aY \T aT) aFlLt\av +?) |, 
where we have omitted the subscripts V and T' because in 
all these formulae we shall always use V and T as the 
independent variables. If we perform the partial differ- 


entiations indicated in the preceding equation and collect 
terms, we obtain the important result: 


aU ð 

(A = "(2). — p. (88) 

As an application of (88), we shall use it to show that the 
energy U of a substance which obeys the equation of state 
pV = RT is a function of the temperature only and does not 
depend on the volume. We have already seen that this was 
experimentally verified by Joule; it is interesting, however, 
to obtain this result as a direct, consequence of the equation 


of state. 
Substituting the expression P = RT/V in (88), we find 
that: 
(20) =7 (RTN RT 
aV /r sT NKA y 
= 0, 


which proves‘ that U does not depend on Y, 
If we choose T, p or D, V instead of T, V as the inde- 


5 Notice that this result is not quite independent of the Joule experiment 
described in section 5. Indeed, the proof of the identity between the gas 
thermometer temperature T' and the thermodynamic temperature 0 given in 
section 9 was based on the results of the Joule 
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pendent variables, we obtain two other equations which are 
substantially equivalent to (88). Thus, if we take T' and p 
as the state variables, dQ is given by (23). SincedS = dQ/T 
is a perfect differential, we easily obtain, with the aid of (83): 


O a 9) 


Similarly, taking p and V as the independent variables, we 
obtain from (24) and (83): 


r- [65,2165 - (5 C). — em 


15. The Clapeyron equa- 
tion. In this section we shall 
apply equation (88) to a sat- 
urated vapor, that is, to a 
system composed of a liquid 
and its vapor in equilibrium. 

We consider a liquid en- 
closed in a cylinder with a 
piston at one end. The space 
between the surface of the 
liquid and the face of the pis- Fig. 13 
ton will be filled with satu- 
rated vapor at a pressure p which depends only on the 
temperature of the vapor and not on its volume. 

The isothermals for this liquid-vapor system in a (V, p) 
representation are obtained as follows: Keeping the tem- 
perature constant, we increase the volume of the vapor by 
raising the piston. As a result of this, some of the liquid 
will evaporate in order to keep the pressure of the vapor 
unchanged. Thus, as long as enough liquid is left, an 
increase in the volume of the system leaves the pressure 
unchanged. ‘Therefore, the isothermal for a mixture of a 
liquid and its vapor in equilibrium is a line of constant 
pressure, and hence parallel to the Y-axis, as shown in the 
region within the dotted line in Figure 13. 
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When the volume has been increased to such an extent 
that all the liquid has evaporated, a further increase in 
volume will result, as shown in Figure 13, in a decrease in 
pressure just as in the case of a gas. 

If we now compress our system, still keeping the tem- 
perature constant, the pressure will increase until it becomes 
equal to the pressure of the saturated vapor for the given 
temperature. At this point, a further decrease in volume 
does not produce an increase in the pressure; instead, some 
of the vapor condenses and the pressure remains unchanged 
(the horizontal stretch of the isothermal). 

When the volume has been reduced to such an extent 
that the substance is completely in the liquid state, a further 
compression produces a very large increase in pressure, 
because liquids have a very low compressibility. This 
part of the isothermal will therefore be very steep, as shown 
in the figure. 

In Figure 13 several isothermals of the kind just discussed 
have been drawn for various values of the temperature 
(lines a, b, c, and d). It can be seen from the figure that 


the length of the horizontal stretch of the isothermal 
(that is, the volume i 


point of inflection). 
isothermal, and its temperature T' 


J itical pressure; the state cor- 
responding to V., pe, T, is called the critical state (or 
critical point) of the System. 

The isothermals for tem 


temperature are monotoni 
no discontinuities. 


peratures above the critical 


¢ decreasing functions which have 
For very lar 
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The dotted line in the figure and the critical isothermal ee 
divide the (V, p) plane into four sections: the section 
marked L, which corresponds to the liquid state; the section 
marked L, V, which corresponds to the mixture of the liquid 
and the saturated vapor; the section V which corresponds 
to the nonsaturated vapor; and the section G, which corre- 
sponds to the gas. 

We shall now apply (88) to the liquid-vapor system 
represented by region L, V of the (V, p) planein Figure 13. 
In this region the pressure and the densities of the liquid 
and the vapor depend only on the temperature. Let vi and 
v» be the specific volumes (that is, the volumes per unit 
mass, or the inverse of the densities) of the liquid and the 
vapor, respectively; and let u, and uz be their specific 
energies (that is, the energies per unit mass). The quanti- 
ties p, vi, Va, U1, and ws are all functions of the temperature 
only. If m is the total mass of the substance, and m; and 


mz are the masses of the liquid and vapor parts, respectively, 


then, 
m =m + me. 
Similarly, the total volume and the total energy of the 
System are: 
y = mw(T) + mev(T) 
U = mu(T) + meux(T). 


We now consider an isothermal transformation of our 
system which causes an amount dm of the substance to pass 
from the liquid state to the vapor state, and which results 
in a change dV of the total volume and a change dU of the 
total energy of the system. At the end of the transforma- 
tion there will then be present (mı — dm) grams of liquid 
and (ms + dm) grams of vapor, $0 that the total volume 
will be equal to: 


V 42V 


1l 


(mi = dm)vi(T) + (me + dm)v2(T) 


=Vt+ {v2(T). -— vı(T)}dm, 


or 
dV = {v(T) — v:(T)}dm. (91) 
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Similarly, the total energy will change by an amount 
dU = (ux(T) — u(T)}dm. (92) 
From the first law, equation (21), we have: 
dQ = dU + pdV 


= dm(us — u, + piv, — »)}, 
or 


DE cars + hin ah wh, (93) 


, and it also 
erature. For water at the boiling 
temperature and standard pressure, X = 540 cal./gm. 


Since (91) and (92) refer to isothermal transformations, 
the ratio dU /dV gives us: 


(22) -= wir) - uen 
aV jr v(T) — v (T) ’ 


depends on the temp 


or, using (93): 


OERS 
aV r E Uo — v p. 
If we compare this equation with (88) and write dp/dT 


ð 
instead of (2) » which we may do because the pressure is à 
v 


function of T only for our System, we find that: 

dp _ A 

aT E: T (v. = u)’ on 
This is called Clapeyron’s equation, 


As an example of the application of Clapeyron’s equation, 
wes 


hall calculate the ratio dp/dT for water vapor at the 
boiling temperature and at, Standard pressure. We have: 
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A = 540 cal./gm. = 2260 X 10’ ergs/gm.; 

ve = 1677; vı = 1.043; T = 373.1. 
Substituting these values in (94), we get: 
op. = 3.62 x 10‘ dynes/cm." degrees = 2.7 cm. Hg/degrees. 


An approximate value for dp/dT can be obtained from 
Clapeyron's equation by assuming that v, is negligible as 
compared to v», and then calculating v» by assuming that 
the vapor satisfies the equation of state of an ideal gas. 

For one gram of vapor, we have, from equation (6): 


= ee (95) 


where M is the molecular weight of the vapor. Equation 
(94) now becomes: 


AM 
oe = gn (96) 
or 
d m p. m (97) 


For water vapor at the boiling temperature, this formula 
gives dp/dT = 3.56 X 10‘; this is in very good agreement 
with the value 3.62 x 10! obtained from the exact cal- 
culation. 

If the heat of vaporization A is assumed to be constant 
Over a wide range of temperatures, we can integrate (97) 
and obtain: 

log p = Ma + constant, 
or 
AM 


p = const. e RT (98) 


This formula shows in a rough way how the vapor pressure 
depends on the temperature. 
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We have derived Clapeyron’s equation for a liquid-vapor 
system, but the same formula can be applied to any change 
of state of a substance. As an example of this, we shall 
apply Clapeyron’s equation to the melting of a solid. A 
solid subjected to a given pressure melts at a sharply defined 
temperature which varies with the pressure applied to the 
solid. Hence, for a solid-liquid system the pressure for 
which the solid state and the liquid state can coexist in 
equilibrium is a function of the temperature. We shall 
now use (94) to calculate the derivative of this function. 
The quantities ^, vı, and v; in this case represent the heat of 
fusion and the specific volumes of the solid and the liquid, 
respectively. 

If we take the melting: of ice as an example, we have: 
` = 80 cal./gm. = 335 x 107 ergs/gm., v; = 1.0907 em.?/ 


gm., 2 = 1.00013 em.*/gm., T = 273.1. Substituting these 
values in (94), we obtain: 


dp 


at = —1.85 X 10° dynes/em.? degrees = —134 atm./degrees. 
That is, an increase in press 
melting point of ice by 1°. 
It should be noticed, in particular, that the melting point 
of ice decreases with increasing pressure. In this respect 
water behaves differently from the way in which most 
substances behave; in the majority of cases, the melting 


point increases with increasing pressure. 'This anomalous 
behavior of water is due 


ure of 134 atmospheres lowers the 


ausing the ice to 


melt on one side of the rock. It refreezes again immediately 
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after the pressure is removed. In this way the mass of ice 
is able to flow very slowly around obstacles. 


16. The Van der Waals equation. The characteristic 
equation of an ideal gas represents the behavior of real gases 
fairly well for high temperatures and low pressures. How- 
ever, when the temperature and pressure are such that the 
gas is near condensation, important deviations from the 
laws of ideal gases are observed. 

Among the numerous equations of state that have been 
introduced to represent the behavior of real gases, that of 
Van der Waals is especially interesting because of its 
simplicity and because it satisfactorily describes the behavior 
of many substances over a wide range of temperatures and 
pressures. 

Van der Waals derived his equation from considerations 
based on kinetic theory, taking into account to a first 
approximation the size of a molecule and the cohesive forces 
between molecules. His equation of state (written for one 


mole of substance) is: 
(p + a/V2)(V — b) = RT, (99) 


where a and b are characteristic constants for a given 
substance. For a = b = 0, (99) reduces to the char- 
acteristic equation of an ideal gas. The term b represents 
the effect arising from the finite size of the molecules, and 
the term a/V? represents the effect of the molecular cohesive 
forces, 

In Figure 14 some isothermals calculated from the Van 
der Waals equation of state have been drawn. If we 
compare them with the isothermals of Figure 13, we see 
that the two sets possess many similar features. In both 
cases there exists an isothermal having a horizontal point of 
inflection C. This is the critical isothermal; and the point 
of inflection is the critical point. The isothermals above 
the critical temperature show à similar behavior in both 

gures. However, the isothermals below the critical 
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temperature exhibit differences. The Van der Waals 
isothermals are continuous curves with a minimum and a 
maximum, whereas the isothermals of Figure 13 have two 
angular points and are horizontal in the region where the 
Van der Waals isothermals take on their maxima and 
minima. 

The reason for the qualitatively different behavior of the 
two sets of isothermals in the region marked L, V in Figure 
13 is that the points on the horizontal stretch of the iso- 
thermals in Figure 13 do not correspond to homogeneous 
states, because along this stretch the substance splits into a 
liquid and a vapor part. If we compress a nonsaturated 

vapor isothermally until we 


reach the saturation pressure, 

P and then reduce the volume 
c still further, condensation of 

part of the vapor generally oc- 

curs without further increase 

inpressure. This corresponds 

to the isothermals of Figure 

18. However, if we compress 


the vapor very gently and 

y keep it free of dust particles, 

Fig. 14 We can reach a pressure con- 

i siderably higher ' t- 
uration pressure before cond ford ae 


t for our discussion because 
Y of the existence of homogene- 
he saturated Vapor. We assume 
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isothermal ABHDIFG represents the stable liquid-vapor 
states. If it were possible to realize all the labile states on 
the Van der Waals isothermal, one could pass by a con- 
tinuous isothermal process from the vapor represented by 
the part FG of the isothermal to the liquid represented 
by the part BA. 

Given a Van der Waals isothermal, we may now wish to 
determine what the pressure of the saturated vapor is when 
its temperature is equal to that of the given isothermal; or, 
geometrically speaking, how high above the V-axis we must 
draw the horizontal stretch BF which corresponds to the 
liquid-vapor state. We shall prove that this distance must 
be such that the areas BCDH and DIFE are equal. 

In order to prove this, 
we first show that the work ? 
performed by a system dur- 
ing a reversible isothermal 
cycle is always zero. From 
(16) we see that the work 
performed during a cycle is 
equal to the heat absorbed 
by the system. But for a 
reversible cycle, (66) holds; 
and since in our case the Fig. 15 
cycle is isothermal, we may -— 
i 1/ T from "under the integral sign in (66). wd 
tion (66) now tells us that the total heat absorbed, and, 
henee, the total work done during the cycle, 1s Zero. 

We shall now consider the reversibly isothermal cycle 
BCDEFIDHB (Figure 15). The work puftemeo SE 
this cycle, as measured by its area, must — k e 
DEFID is described in a clockwise direction = a i 
area is positive, whereas BCDHB, which is ps di 
counterclockwise direction, has a negative area. since 

7FIDHB is zero, the absolute 
total area of the cycle BCDEFI d DEFID 
values of the areas of the two cycles BCDHB an 


must be equal. Q.E.D. 
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The objection might be raised against the above demon- 
stration that since the area of the isothermal cycle BCDHB 
is obviously non-vanishing, it is not true that the work 
performed during a reversible isothermal cycle is always 
zero. The answer to this objection is that the cycle 
BCDHB is not reversible. 

In order to see this, we should notice that the point D 
on our diagram represents two different states, depending 
on whether we consider it as being a point on the Van der 
Waals isothermal BCDEF or a point on the liquid-vapor 
isothermal BHDIF. Although the volume and pressure 
represented by D are the same in both cases, in the case of 
the Van der Waals isothermal, D represents a labile homo- 
geneous state, whereas in the case of the liquid-vapor 
isothermal, D represents a stable nonhomogeneous state 
composed of a liquid and vapor part. 
the cycle BCDHB, we pass from the st 
der Waals isothermal to the state D o 
isothermal. Since the liquid-vapor 


stable than the Van der Waals state D, this step is irre- 
versible because it could 


not occur spontaneously in the 
Opposite direction. 


Thus, the entire cycle BCDHB is 
irreversible, and ther 


efore its area need not vanish. 
The critical data T, a Vas 


expressed in terms of the con: 
the Van der Waals equation 

The Van der Waals equation (99), when p and T are given, 
is an equation of the third degree in V. In general, there- 
fore, there are three different, roots of V for given values of 
T and p. The critical isothermal, T = T, , however, has & 
horizontal point of inflection at P = Pe, V = V,; that is, 
there is a third-order contact at V = V, between the 
critical isothermal and the horizontal line D = p.. Hence, 
it follows that the cubic equation for V which is obtained by 
placing p = p. and T = T.in (99) has a triple root V = Ve. 


This cubic equation can be written in the form: 


PV? — (pb + RT)V? + ay — ab = 0. 


When we perform 
ate D on the Van 
m the liquid-vapor 
state D is more 


and p. of a substance can be 
stants a and b which appear in 
of the substance. 
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Since V. is a triple root of this equation, the left-hand side 
must be of form p.(V — V.). Hence, we find, by compari- 
son, that: 


Be e 3V? = 5; and 3V. = po + RT. P. 


De’ De Pe 
If we solve these three equations for V., pe, and Te, we 
obtain the equations: 


8a 


a gee ric 
V.= 3b; p= ans and T.= 27 Ry (100) 


Which express the critical data in terms of the constants 
a and b. 

It is worth noticing that if we take V., 9^, and 7. as the 
units of volume, pressure, and temperature, respectively, 
the Van der Waals equation assumes the same form for all 
Substances. Placing 
y . £ 
j V? T T; 


and making use of (100), we obtain from (99): 


i 84 
(94 3)(»-3)-37 (101) 


Since this equation contains only numerical constants, it is 


the same for all substances. The states of exc ep 
Stances which are defined by the same values of $5 v, ane i 
are called corresponding states, and (101) is often calle 


« x i states." 
Van der Waals’ equation of corresponding stat 
In section 14 we showed that if a substance obeys the 


equation of state, pV = RT, of an ideal gas, we Y picem 
thermodynamieally that its energy depends on a v: 
Perature only and not on the volume. d i s 
Only for ideal gases. For real gases, U depends also on t 
Volume, 
From (99) we deduce that: 
BU. 5 (102) 
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this together with (88) gives: 
UN ue OS RT _ 2) RT |a 
o). - 7&5 PI vY—-i*vy 


PES 
- 


If we integrate this equation with respect to V (keeping T 
constant), we obtain: 


U=-F+s(M, (103) 


since the constant of integration need be constant with 
respect to V only but may still be a function of T. The 


term — ? in (103) represents the potential energy of the 
cohesive forces between the molecules. 
f(T) cannot be further deter 


mined by means of thermo- 
dynamics alone; its de 


termination requires some data on 
the specific heats. Let us assume, for example, that the 


molecular heat at constant volume, Cy, is constant. From 
(25) and (103) we obtain, then, 


= aU COE Ij 
ee (5), = f(T). 
Integrating, we get: 


ITD = CT T w, 
where w is a constant. Equation (103) now becomes: 


U= CT- 5+ w. (104) 
With this expression for the energy, we can easily calcu- 


late the entropy of one mole of a Van der Waals gas. From 
(72), (21), (102), and (104), we obtain: 
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as =P = p au + pav) 


T 
at a 1/ RT a 
-L (car t4 av) t2 (=, &) " 
dT dV 
Cy T +R yp 
or, on integrating, 
S = Cy log T + R log (V — b) + const. (105) 


Notice the similarity of this formula to (86), which is the 
expression for the entropy of an ideal gas. 

In section 6 we defined an adiabatic transformation as a 
reversible transformation during which the system is 
thermally insulated. Thus, along an adiabatic transforma- 
tion dQ = 0, so that from (72), dS = dQ/T = 0, or S = 
Const. That is, if a system suffers an adiabatic transforma- 
tion, its entropy remains constant. For this reason, 
adiabatic transformations are sometimes called isoentropic. 

The equation of an adiabatic transformation of a Van der 
Waals gas is immediately obtained from (105) by taking the 


entropy constant. This gives: 
Cy log T + R log (V — b) = const. 
or 
R 
T(V — b) = const. (106) 


der Waals gas is 


This equation for the adiabatics of a Van der : 
atics of an ideal 


Very similar to equation (38) for the adiab 
Bas, 


Problems 
i n hen 
1. What is the entropy variation of 1,000 grams of water w| 
raised from freezing to boiling temperature? (Assume a constant 
Specific heat = 1 cal./gm. deg.) 
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2. A body obeys the equation of state: 
pVi2 = 109714 


A measurement of its thermal capacity inside a container having 
the constant volume 100 liters shows that under these conditions, 
the thermal capacity is constant and equal to 0.1 cal./deg. Ex- 


press the energy and the entropy of the system as functions of 
T and 


3. The boiling point of ethyl alcohol (C2H,0) is 78.3°C; the heat 


of a is 855 joules/gm. Find dp/dT at the boiling 
point. 


CHAPTER V 


'Thermodynamic Potentials 


17. The free energy. In a purely mechanical system the 
external work L performed during a transformation is 
equal to minus the variation, AU, of its energy. That is, 


= —AU. (107) 


For thermodynamical systems there is no such simple 
relationship between the work performed and the variation 
in energy because energy can be exchanged between the 
system and its environment in the form of heat. We have, 
instead, the first law of thermodynamics (15), which we 
can write in the form: 


L= —AU +Q. (108) 


Many transformations of thermodynamical systems occur 
while the systems are in thermal contact with the environ- 
ment, so that an exchange of heat between the system and 
the environment can take place. In that case L may be 
larger or smaller than —AU, depending on whether the sys- 
tem absorbs heat from or gives up heat to the environment. 

We suppose now that our system s is in thermal contact 
with an environment: which is at a constant temperature T 
throughout, and we consider a transformation of our system 
from an initial state A to a final state B. Applying the 
inequality (73) to this transformation, we have: 


” dQ — (A). 
[ $550 s(a) 


A 


Since the system receives heat only from a source whose 
temperature is constant, we may remove 1/T from under 


the integral sign, and we find that 
Q- [ "0 s TIS(B) — S(A)}. (109) 
A 
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We thus obtain an upper limit to the amount of heat 
which the system can receive from the environment. If the 
transformation from A to B is reversible, the equality sign 
holds in (73) and therefore in (109) also. In this case (109) 
gives exactly the amount of heat received by the system 
during the transformation. 


From (108) and (109) we obtain, on putting AU — U(B) 
U(A): 


LS U(A) — U(B) + T(S(B) — 8(4)}. (110) 


This inequality places an upper limit on the amount of work 
that can be obtained during the transformation from A to B. 
If the transformation is reversible, the equality sign holds, 
and the work performed is equal to the upper limit. 

Let us suppose now that the temperatures of the initial 
and final states, A and B, are the same and equal to the 


temperature T' of the environment. We define a function F 
of the state of the System as follows: 


F =U- T$, a11) 
In terms of this function F, 


Which is called the free energy 
of the system, we can write ( 


110) in the form: 


L < F(A)- P(B) = ap, (112) 


In (112), also, the equality sign holds if the transformation 
is reversible. 
The content of e 


quation (112) ean be stated in words as 
follows: 


If a system suffers a, Teversible transformation from an 
initial state A to a final state B both of which states have à 
temperature equal to that of the 
system exchanges heat with 
the transformation, the wor 
the transformation is equal 
energy of the system. 


THERMODYNAMIC POTENTIALS 79 


the decrease in the free energy of the system is only an 
upper limit on the work performed by the system.! 

By comparing (112) with (107), which is true for purely 
mechanical systems only, we see that the free energy, in 
thermodynamical systems which can exchange heat with 
their environments, plays a role analogous to that played 
by the energy for mechanical systems. The main difference 
is that in (107) the equality sign always holds, whereas in 
(112) the equality sign holds only for reversible trans- 
formations. 

We now consider a system that is dynamically (not 
thermally) insulated from its environment in the sense 
that any exchange of energy in the form of work between 
the system and its environment is impossible. The system 
can then perform only isochore transformations. 

If the pressure at any instant of time is the same for all 
the parts of the system, and work can be performed by the 
system only as an effect of the forces exerted by this pressure 
on the walls, then the system is dynamically insulated when 
it is enclosed inside a container with invariable volume. 
Otherwise the dynamical insulation might require more 
Complicated devices. F ! 

We assume that, although our system is dynamically 
insulated, it is in thermal contact with the environment and 
that its temperature is equal to the temperature T of the 
environment. For any transformation of our system, we 
have Z = 0; we obtain thus from (112): 

0 < F(A) — FG), 


or 
F(B) £ F(A). (113) 


follows: . 
rers transformation, the work L 


e variation, AF, of its free energy; 


! This result is very often stated a 
When a system undergoes an isot 
Performed by it can never exceed minus th 
1 ual to —AF if the transformation iare e 
ur result is more general because i6 ho a s : 
transformations but aln for transformations dur ing 2 es id S 
®ssumes temperatures different from T in the intermediate abated pe vided 
only that the exchange of heat occurs solely with the envi 
I3 at the same temperature T throughout. 


versible. 
olds not only for isothermal 
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That is, if a system is in thermal contact with the environ- 
ment at the temperature T, and if it is dynamically isolated 
in such a way that no external work can be performed or 
absorbed by the system, the free energy of the system cannot 
increase during a transformation. 

A consequence of this fact is that, if the free energy is a 
minimum, the system is in a state of stable equilibrium. ; this is 
so because any transformation would produce an increase 
in the free energy, and this would be in contradiction to 
(113). In the case of mechanical systems, stable equilib- 
rium exists if the potential energy is a minimum. Since 
the condition for stable equilibrium of a thermodynamical 
system enclosed in a rigid container and having the tem- 
perature of the environment is that the free energy be a 
minimum, the free energy is often called the "thermody- 
namic potential at constant volume.” Notice, however, 
that, strictly speaking, the condition for the validity of 
(113) is not only that the volume of the container be 
constant but also that no external work be performed by 
the system. If the system is at a uniform pressure, how- 
ever, the two conditions are equivalent. 

We now consider an isothermal transformation, I, of a 
system at the temperature T from a state A to a state B, 
and also an isothermal transformation, II, between two 
states A’ and B’ at a temperature T -- dT. A’ is obtained 
from A by an infinitesimal transformation during which the 
temperature is raised by an amount dT while 
work is done. If the System is at a 
throughout, this can be realized if 
are equal (isochore transformation 
infinitesimal transformation from 
performed. 

Let L and L + dL be the 
that can be obtained from thi 
respectively. We have, then 


L = F(A) — F(B) (114) 
L+ db = F(a’) — FB), 


no external 
uniform pressure 
the volumes of A and A’ 
) Similarly, during the 
B to B' no work is to be 


maximum amounts of work 
e transformations I and II, 


I 
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or 
dL  dF(A) daF(B) -— 


ar "dT ^ ar? 
where we denote by dF(A) and dF(B), respectively, F(A’) — 
F(A) and F(B’) — F(B). But we have: 
| F(A) = U(4) — TS), 
or, taking the differentials of both sides, 
dF(A) = dU(A) — TdS(A) — dTS(A). (116) 
Since no work is performed in the transformation from 


A to A’, the amount of heat received by the system during 
this infinitesimal transformation is, according to (15), 


dQ, = dU(A); 
and, from (72), 


asa) = = E 


Equation (116) now gives: 
dP(A) _ _ ga)  FGD _ UA) 
Z7 S(A) T 


T 


Similarly, we obtain: 


dF(B) — gp) , FOB) _ UB) 
aT (B) T if 
From (114) and (115) we thus find: 
dL : 
- Tap = TAU, 117 
L TIT (117) 


where AU = U(B) — U(A) is the variation in energy 
resulting from the transformation from A to B. Equation 
(117) is called the isochore of Van't Hoff and has many 


useful applications. ; 
E 11 derive a useful expression for the 
At this point we shall de be represented on a 


Pressur m whose state can be represer ; 
SH A sie der an infinitesimal, iso- 


(V, p) dia Let us consi 
gram. l p 
thermal, reversible transformation which changes the 
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volume of the system by an amount dV. We can apply to 

this transformation equation (112) with the equality sign 
because the transformation is reversible. Since: 

oF = 

L=pdV, and AF.= (25) av, 


we have, from (112), 


or 


(2). — (118) 


We conclude this section by giving the expression for the 
free energy of one mole of an ideal gas. This is immediately 
obtained from equations (111), (29), and (86): 


F = CT +W — T(C log T + Rlog V +a). (119) 


If we use (87) instead of (86), 


we obtain the equivalent 
formula: 


F=CT+W — T(C,log T — Rlogp+a+RlogR). (120) 


18. The thermodynamic potential at constant pressure. 
In many thermodynamical transformations the pressure 
and the temperature of the system do not change but, 
instead, remain equal to the pressure and the temperature 
of the environment during the course of the transformation. 


Under such circumstances it is possible to define a function 
9 of the state of the System 


erty: if the function is 
values of the pressure and t 
will be in equilibrium at the 

We consider an isotherm 
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system, then the work performed during the transformation 
is: 
L = p[V(B) — V(A)]. 
Since the transformation is isothermal, we may apply 
equation (112) to it; on doing this, we obtain: 
pV(B) — pV(A) s F(A) — F(B). 
We now define a new function © of the state of the system 


as follows: 
&-F4pV-U-TS-pV. (121) 


In terms of ®, the preceding inequality now becomes: 
&(B) € 9(A). (122) 


The function $ is called the thermodynamic potential at 
constant pressure. It follows from (122) that in an isobaric, 
isothermal transformation of a system, the thermodynamic 
potential at constant pressure can never increase. 

We may therefore say that if the temperature and the 
pressure of a system are kept constant, the slate of the system 
for which the thermodynamic potential $ is a minimum is a 
state of stable equilibrium. The reason for this is that if & 
1$ à minimum, any spontaneous change in the state of the 
System would have the effect of increasing &: but this would 


e in contradiction to the inequality (122). 
The following properties of for systems whose states 
can be represented on a (V, P) diagram are sometimes 


useful. . 
_If we choose T and p as the independent variables and 
differentiate (121) with respect to p, We find that: 


a) _ faU) _ E +2() 4 Y. 
(5) z (2. at a” eae 
But from the definition of the entropy and from the first 


aw, we have for a reversible transformation: 
dQ = TAS = dU + pdV; 
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or, in our case, for an isothermal change of pressure: 


as\ _ (aU (2) 
(5) (6), e» y 


Hence, we find that: 


8» oy. (123) 
(a)? 


Similarly, differentiating (121) with respect to T, we can 


show that: 
e enean (124) 
m). ai 


As 23 example of the usefulness of the potential &, we shall 
emplcy it to derive Clapeyron’s equation, which we have 
already derived in section 15 by a different method. 

We consider a system composed of a liquid and its satu- 
rated vapor enclosed in a cylinder and kept at a constant 
temperature and pressure. If U, ; Us, 81, 8s, and Vi, Vs 
are the energies, entropies, and volumes of the liquid and 
the vapor parts, respectively, and U, S, and V are the 
corresponding quantities for the total system, then, 


U=U +U: 

S =S + Ss 

VT. 
so that, from (121), 

b= +d, 


where ©, and 6, are the potentials o 
parts, respectively. 

Let mı and m; be the masses of the 
vapor part, respectively, and let x 
Ua , S2 , V» , and e: be the specific ener 
and thermodynamic potentials of t 
We have, then, 


f the liquid and vapor 


liquid part and the 
1, $1, 0; , and g and 
gies, entropies, volumes, 
he liquid and the vapor- 


$, = me, 


$: = mies. 
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We know from the general properties of saturated vapors 
that all the specific quantities 4i, U2, Sı, S2, 01, and vs 
and the pressure p are functions of the temperature only. 
Hence, ¢: and e» are functions of T only, and we may write: 

$9 = moi(T) + me(T). 

We start with the system in equilibrium and perform an 
isothermal transformation, keeping the pressure constant 
so that only m; and m» can vary. Let m, be increased by an 
amount dm, as a result of this transformation. Then, 
since m; + ma = m = const., m» will decrease by an amount 
dm,. The thermodynamic potential will now be given by 
the expression: 

(mi + dmi)gi + (n: — dmi)es = 9 + dmi(zi — e. 

Since the system was initially in a state of equilibrium, ® 
must have been a minimum initially. From this and from 
the above equation it follows that: 

Pi = P25 
or 
(uz — u) — T(ss — $i) + pz — 1) = 0. 


Differentiating with respect to T, we find that: 


dp s —u)-— T S (n — sı) — (s2 — s1) 


dp D T E 
4 ap =u) + Pap s n) — 0. 


But 
ds _ du dv 
Tap ^ att Par’ 
Hence, the preceding equation reduces to: 


d 
—(s — 8) + PIC —») =0. 


But (s, — 41) is the variation in entropy when one gram of 
liquid is vaporized at constant temperature; hence, it is 
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equal to A/T, where ^ is the heat of vaporization of the 
substance. We thus obtain the Clapeyron equation: 


dp _ A 
dT  T(w—w) 


We shall now write down the expression for the thermo- 
dynamie potential at constant pressure for one mole of an 


ideal gas. From (121), (120), the equation of state, 
pV = RT, and (33), we obtain: 


9 — C,T + W — T(C,log T — R log p +a + R log R). (125) 


19. The phase rule. When a system consists of only a 
single homogeneous substance, it is said to consist of only 
one phase. If a heterogeneous system is composed of 
several parts each of which is homogeneous in itself, the 
system is said to consist of as many phases as there are 
homogeneous parts contained in the system. 

As an example of a system composed of only one phase, we 
may consider a homogeneous liquid (not necessarily a 
chemically pure substance; solutions may also be considered), 
a homogeneous solid, or a gas. 

The following are some examples of systems that consist 
of two phases: a system composed of water and water vapor; 
a saturated solution of salt in water with some of the solid 
salt present; a system composed of two immiscible liquids; 
and so forth. In the first example, the two phases are: à 
liquid phase composed of water, and a gaseous phase 
composed of the water vapor. In the second example, the 
two phases are: the salt-water solution, and the solid salt. 
In the third example, the two phases are the two liquids. 

All the specifie properties of a phase (that is, all the prop- 
erties referred to a unit mass of the substance constituting 
the phase: for example, the density, the specific heat, and 
so forth) depend on the temperature T, the pressure P, 
and the chemical constitution of the phase. 


In order to define the chemical constitution of a phase, we 
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must give the percentage of each chemically defined sub- 
stance present in the phase. 

Strictly speaking, one could state that if the percentage of 
each chemical element (counting the total amount of the 
element, both free and chemically bound to other elements) 
were known, the percentage of the different compounds 
that could be formed with the given elements would be 
determined by the given temperature T and pressure p of 
the phase. Indeed, it is well known from the laws of 
chemistry that for any given temperature, pressure, and 
relative concentrations of the various elements present, 
chemical equilibrium will always be reached within the 
phase. We may therefore say that a phase is a homo- 
geneous mixture of all the possible chemical compounds 
which can be formed from the chemical elements present in 
the phase, and that the percentage of each compound 
Present is completely determined by T, p, and the relative 
Concentrations of all the elements in the phase. W^ 

Consider, for example, a gaseous phase consisting of 


definite concentrations of hydrogen and oxygen at a ma 
temperature and pressure. The most abundant molecules 
Hs, Os, and H:O 


formed from hydrogen and oxygen are 
(for the sake of demplichiy; we neglect the rarer co 
L .0, Os, and H,0:). The number of water molecules 
Which will be formed in our gaseous mixture at a given 
mperature and pressure is uniquely determined, and hence 
le constitution of the gaseous mixture also, by phe 
centrations of the hydrogen and the oxygen only. Stric . 
Speaking, we may therefore say that the independent a 
Ponents of a phase are the chemical elements Deest 
de phase (each element is to be counted as an iim ve 
€ Mponent whether it is present in its elementary * wey 
-. €mical combination with other elements). Howe zt di- 
“own from chemical considerations that under cni rol 
d ns many chemical equilibria are realized only & cae time 
hs that is exceedingly long aS compared to or es d Oe 
*'Vals, Thus, if we have a gaseous mixture of He 
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at normal temperature and pressure, chemical equilibrium is 
reached when a large amount of the hydrogen and the 
oxygen combine to form water vapor. But the reaction 


2H: + O: = 2H.0 


proceeds so slowly under normal conditions that practically 
no combination of hydrogen and oxygen takes place in a 
reasonably short period of time. Of course, the reaction 
would take place much more rapidly if the temperature 
were high enough or if a suitable catalyzer were present. 

We see from the preceding discussion that in all cases for 
which we have a chemical compound that is formed or dis- 
sociated at an extremely slow rate, we may consider the 
compound itself (and not its constituent elements) as a 
practically independent component of the phase. If, for 
example, we have a gaseous phase consisting of hydrogen, 
oxygen, and water vapor at such a low temperature that 
practically no water is either formed or dissociated, we shall 
say that our phase contains the three independent com- 
ponents O;, H;, and H,O (and not only the two com- 
ponents hydrogen and oxygen); the chemical constitution 
of the phase is then determined by the masses of O; s Hs, 
and H:O per unit mass of the phase. 

It is clear from the above considerations that the number 
of independent components can be either larger or smaller 
than the total number of chemical elements present. Inthe 
previous example we had three independent components 
(H: , O2 , and H:0) instead of only two (HandO). On the 
other hand, if water vapor alone is present, we can neglect 
its dissociation into hydrogen and oxygen and consider the 
phase as consisting of only one component, the water, and 
not of two. 

Consider now a system composed of f phases and of n 
independent components. Let Ma be the mass of the kth 
component present in the ith phase, Then the distribution 
of the components among the various phases can be con- 
veniently described by the array: 


———————— 
————— 
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Mi, T1, *** , Mr 


Miz, M22, tt , go 


Mins Man, ** * y Mjn- (126) 


At a given temperature and pressure, the condition for 
equilibrium of our system is that the thermodynamic 
potential # be a minimum. This condition gives rise to a 
set of relations among the quantities (126). 

We shall assume that the surface energy of our system is 
negligible, so that $ can be put equal to the sum of the 
thermodynamic potentials of all the phases: 


=d 40» c9, (127) 

The function 4; depends on T, p, and the masses ma, 
Miz, +++, Min of the various components in the ith phase: 
$; = Pll, Pı ma, s, mis). (128) 


The form of this function depends on the special prop- 
erties of the ith phase. We notice, however, that ®;, 
considered as a function of the n variables ma , mis, +*+, 
Min, is homogeneous of the first degree. Indeed, if we 
change m , Miz, *** , Min by the same factor K, we do not 
alter the constitution of our phase (since it depends only on 
the ratios of the m’s), but increase the total mass of the 
phase by the factor K. Thus, 9; becomes multiplied by 
the same factor K. . 

If our system is to be in equilibrium at a given tem- 
perature and pressure, ® must be a minimum. This means, 
analytically, that if we impose on our system an infinitesimal 
transformation at constant temperature and pressure, the 
resulting variation in ® must vanish. We consider à 
transformation as a result of which an amount ôm (to be 
considered as an infinitesimal of the first order) of the kth 
component is transferred from the ith to the jth phase, all 
the other components and phases remaining unaffected. 
Then, ma becomes Mi: — dm, and mj becomes mj, + dm. 
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In the variation of , only ð; and 9; will change. "Thus, we 
obtain as the minimum condition: 


ôb = 30, + 50; = a Sg 
Mjr un 
or 


ad: _ 8; 


mt 29 
Omi. OM a ) 


Since a similar equation must hold for any two phases and 


for any one of the components, we obtain altogether the 
n(f — 1) equations of equilibrium: 


8, _ aby ab, 
omi Om», amy, 
OP, _ ab, — ab, 
amy Ima ~ amp 
a, aby ab, 
Mn = atta, ümy, gm) 


We notice that these equations depend only on the 
chemical constitution of each phase and not on the total 


in the phase. Indeed, since 


€ phase). Besides these 
the variables T' and p in 
+ (n — 1)f variables. 

is number and the number, 
e number of the (n — 1)f 
hosen arbitrarily, the re- 
termined by the equations 
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(130). We therefore call v the degree of variability or the 
number of degrees cf freedom of the system. We have: 


v= (n — 1)f + 2 — (f — 1)n, 
or 
v=2+n-fÍ. (131) 


This equation, which was derived by Gibbs, expresses the 
phase rule. It says that a system composed of f phases and 
n independent components has a degree of variability 
v = 2 +n — f. By “degree of variability" is meant the 
number of variables (we take as our variables 7', p, and the 
variables that determine the constitutions of all the phases) 
that can be chosen arbitrarily. 

To avoid misinterpretations, one should notice that only 
the composition and not the total amount of each phase is 
considered, because thermodynamie equilibrium between 
two phases depends only on the constitutions and not on 
the total amounts of the two phases present, as shown by 
(129). A few examples will illustrate how the phase rule 
is to be applied. 

Example 1. A system composed of a chemically defined 
homogeneous fluid. We have only one phase (f = 1) and 
one component (n = 1). From (131) we obtain, then, 
» = 2. Thus, we can, if we wish, choose the two variables, 
T and p, arbitrarily; but we then have no further possibility 
of varying the constitution, since our substance is a chemi- 
cally defined compound. (Notice that the total amount of 
substance, as we have already stated, is not counted as a 
degree of freedom.) 

Example 2. A homogeneous system composed of two 
chemically defined gases. Here we have one phase (f = 1) 


and two independent components (n = 2). From (131) it 


follows that v = 3. Indeed, we may freely choose T, p, and 
the ratio of the two components that determines the com- 


Position of the mixture. de 
Example 3. Water in equilibrium with its saturated 
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vapor. Here we have two phases, liquid and vapor, and 
only one component, so that f — 2 and n — 1. 'Thus, we 
must have v = 1. We can choose only the temperature 
arbitrarily, and the pressure will then be equal to the 
pressure of the saturated vapor for the given temperature. 
Since there is only one component, we obviously have no 
freedom of choice in the composition of the two phases. 
Notice also in this example that for a given temperature 
we can have equilibrium between arbitrary amounts of 
water and water vapor provided the pressure is equal to the 
saturation pressure. However, the amounts of water and 
water vapor are not counted as degrees of freedom. 


Fig. 16 


Composed of a definite chemical 
phases: solid, liquid, and vapor, 
» and water vapor. We have 
ree phases: n = ] f = 3. We 


THERMODYNAMIC POTENTIALS 93 


values of T' and p correspond to a point on this curve, water 
and water vapor can coexist. If, keeping the temperature 
constant, we increase the pressure, equilibrium between the 
water and the vapor no longer exists, and all the substance 
condenses into the liquid phase. If, instead, we decrease the 
pressure, all the substance evaporates. Hence, for points 
above the curve AB we have water, and for points below it 
we have vapor, as indicated in the figure. 

The curve AC is analogous to AB, but it corresponds to 
the pressure of the saturated vapor in contact with ice and 
not with liquid water. Above the curve AC ice is stable, 
and below it vapor is stable. 

Since water and vapor can coexist along AB, and ice and 
vapor can coexist along AC, it is necessary that the point 
on the diagram corresponding to the values of T and p for 
which ice, water, and vapor coexist: lie on both curves; that 


that this point coincide with the point of inter - 
We see now that the 


a definite value of the 


is, 
section A of the two curves. 
three phases can coexist only for 
temperature and the pressure. 

The point A is called the triple point because it is the 
intersection not only of the water-vapor curve and the ice- 
vapor curve but also of the ice-water curve AD. These 
three curves divide the T, p plane into three regions that 
represent the ranges of stability of vapor, ice, and water; 
the triple point is at the boundary of the three regions. 

The triple point of water is at T = 0.0075°C and p = 
0.00602 atm. Since the pressure at the triple point is less 
than atmospheric pressure, the horizontal line p = 1 atm. 
(the dotted line on the diagram) intersects the three regions 
ice, liquid, and vapor. The intersection of the dotted line 
with the curve AD corresponds to à temperature equal to 
the freezing point f of water at atmospheric pressure (0°C). 
The intersection b with the curve AB corresponds to the 
boiling temperature of water at atmospheric pressure 
(100°C). 


For some substances the pressure at the triple point is 
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higher than one atmosphere. For these substances the 
dotted hrizontal line corresponding to atmospheric pressure 
lies below the triple point and passes, therefore, directly 
from the solid to the vapor region without intersecting the 
liquid region. At atmospheric pressure these substances 
do not liquefy but vaporize directly from the solid phase 
(sublimation) ; they can exist in the liquid phase only at 
sufficiently high pressures, 


20. Thermodynamics of the reversible electric cell. In 
all previous applications of the ] 


aws of thermodynamics, we 
have generally consider 


ed systems that could perform only 
e have already seen in section 
work obey the same thermo- 
; they are thermodynamically equivalent. 
i there are processes which can 
Ork completely into electrical 


the chemical reactions taking place in it to 
A reversible cell can always 

ate by reversing the flow of 
current through it. 


Let v be the electromotive force of the cell. The electrical 


work performed by the cell when we permit an amount ¢ of 
electricity to flow through it is: 


E 
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has flowed through it. We assume that U(T) depends only 
on the temperature because we assume that the volume of 
our cell is practically invariable (that it is an isochore cell), 
and consequently neglect any possible effects which the 


pressure may have on the energy. 
We now consider the state of the cell after a quantity e of 


electricity has flowed through it. The flow of electricity 
through the cell results in certain chemical changes within 
the cell, and the amount of substance which is chemically 
transformed is proportional to e. Thus, the energy of the 
cell will no longer be equal to U(T) but will be changed by 
an amount proportionalto e. Denoting by U(T, e) the new 
energy of the cell, we have thus: 

U(T, e) = U(T) — eu(T), (133) 


where u(T) is the decrease in the energy of the cell when a 
unit quantity of electricity flows through it. 

We now apply the Van't Hoff isochore (117) to the iso- 
thermal transformation from the initial state before any 
electricity has flowed through the cell (energy = U(T)) to 
the final state after the amount e has flowed through 
(energy given by (133). From (133) we have for the 
variation in energy: 

AU = —eu(T) 


The work performed is given by (132). Substituting in 
(117) and dividing both sides by e, we obtain: 
v— r =u. (134) 
This equation, which is called the equation of Helmholtz, 
establishes a relationship between the electromotive force v 
and the energy u. We notice that if no heat were ex- 
changed between the cell and its environment, we should 
expect to find v = u. The extra term Tdv/dT in (134) 
represents the effect of the heat that is absorbed (or given 
out) by the cell from the environment when the electric 
current flows. 
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We can also obtain (134) directly without using the 
Van't Hoff isochore. Let us connect the cell to a variable 
condenser having a capacity C. The amount of electricity 
absorbed by the condenser is: 


e = (T). 
We now consider C and T as the variables which define the 
state of the system composed of the cell and the condenser. 
If we change the capacity of the condenser by an amount 
dC by shifting the plates of the condenser, the system 
performs a certain amount of work because of the attraction 
between the plates. This amount of work is?: 
dL = 3 dv), 


The energy of our system is the sum of the energy (133) 
of the cell, 


U(T) — eu(T) = U(r) — Cv(T)u(T), 


+ dC [f — wl. 
The differential of the entropy is, therefo 


_ dQ dT[au du dv d " 
dS = T LIES — Gwm- Cup + cust | + T lv? — wo). 


re, 


2 This formula is obtained as follows: Th i 
2m 20) : The ener, lated con- 
denser is 3¢°/C, If we change C, the work done is mit ee the varia- 
tion in energy, that is, 


EN le e 
= -a(g = zæ, 
where e is kept constant because the conde; is i i; = Co 
we obtain the formula used in the text, mser is isolated. Since e s 
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Since dS must be a perfect differential, we have: 


dU du dv dv 
a dp Cup art Om a tw 


ac T “P p 
If we perform the differentiations indicated and remember 
that U, u, and v are functions of T only, we immediately 
obtain (134). 


Problems 


1. With the aid of the phase rule discuss the equilibrium of a 
saturated solution and the solid of the dissolved substance. 


2. How many degrees of freedom has the system composed of a 
certain amount of water and a certain amount of air? (Neglect 
the rare gases and the carbon dioxide contained in air.) 

3. The electromotive force of a reversible electric cell, as a 
function of the temperature, is: 

0.924 + 0.0015 ¢ + 0.0000061 ¿ volts, 
t being the temperature in °C. Find the heat absorbed by the 
cell when one coulomb of electricity flows through it isothermally 
at a temperature of 18° C. 


CHAPTER VI 
Gaseous Reactions 


21. Chemicalequilibriaingases. Let us consider a gas- 
eous system composed of a mixture of hydrogen, oxygen, 
and water vapor. The components of this system can 


interact chemically with each other according to the follow- 
ing chemical reaction: 


2H; + 0; = 2H;0. 


The symbol = means that the reaction can proceed from 
left to right (formation of water) or from right to left (dis- 
sociation of water). Indeed, it is well known from the laws 
of chemistry that for any given temperature and pressure à 
state of equilibrium is reached for which the total amount of 
water vapor present remains unchanged, so that apparently 
water vapor is neither being formed nor dissociated. The 
actual state of affairs that exists at this equilibrium point is 
such that the reaction indicated above is proceeding at 
equal rates in both directions, so that the total amount of 
HO present remains constant. If we subtract some water 
vapor from the system after equilibrium has set in, the 
reaction from left to right will proceed with greater speed 
than the one from right to left until a sufficient amount of 
additional H:O has been formed to establish a new state of 
equilibrium. If we add some water Vapor, the reaction 
from right to left becomes preponderant for a certain length 
of time. Chemical equilibria in gaseous systems are 
regulated by the law of mass action. 

We write the equation of a chemical reaction in the 
general form: 


mA + nAz + +++ + nA mB, + MBa + +++ 4+m,B,, (135) 
98 
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where Ai, As, ++- , A, are the symbols for the molecules 
reacting on one side and B,, B:,--- , B, the symbols for 
those reacting on the other side. The quantities nı, n2, 

-, and mu, Mz, -+ are the integer coefficients of the 
reaction. We shall designate the concentrations of the 
different substances expressed in moles per unit volume by 
the symbols [4i], [As], --- , and [Bi], [Bs]; +++. We can 
now state the law of mass action as follows: 


When equilibrium is reached in a chemical reaction, the 
expression 


(aa? AP AT = ep . 
L5" [B]? --- [Bl] (T) (136) 


is a function of the temperature only. 


The quantity K(T) can assume quite different values for 
different chemical reactions. In some cases it will be very 
small, and the equilibrium will be shifted toward the right- 
hand side; that is, when equilibrium has been reached for 
Such cases, the concentrations of the molecules on the 
right-hand side are much larger than those of the molecules 
on the left-hand side. If, instead, K(T) is large, the 
opposite situation exists. . 

It is instructive to give a very simple kinetic proof of the 
law of mass action. The chemical equilibrium of the re- 
action (135) might conveniently be called “kinetic equilib- 
rium,” because even after the equilibrium conditions have 
been realized, reactions among the molecules continue to 
take place. At equilibrium, however, the number of 
reactions that take place per unit time from left to right in 
(135) is equal to the number taking place per unit time from 
right to left, so that the two opposing effects compensate 
each other. We shall therefore calculate the number of 
reactions that occur per unit time from left to right and set 
this equal to the corresponding number of reactions pro- 
ceeding in the opposite direction. 

A reaction from left to right can occur as à result of a 


100 GASEOUS REACTIONS 


multiple collision involving n, molecules Ai, fis molecules 
Az, +++,m, molecules A,. The frequency of such multiple 
collisions is obviously proportional to the nth power of 


[Ai], to the meth power of [A3], --+ , to the nth power of 
[A,], that is, to the product: 


[Ai [A] ++. [Avv 


Thus, the frequency of reactions from left to right must 
also be proportional to this expression. Since the tem- 
perature determines the velocities of the molecules, the 
proportionality factor, K'(T), will be a function of the 


temperature. For the frequency of reactions from left to 
right, we obtain, then, the expression: 


KUT) [A]? [A «+. [A 


Similarly, for the fre 


quency of the reactions in the oppo- 
site direction, we find: 


K”(T) [B] [Bjys ... BEIS 
At equilibrium these tw 
K'(T) [A] [A52 


or 


9 frequencies must, be equal: 


UU AJ" = KT) [B] [Bgr* ... [B], 


[B [BI t y 


= KT) 
K(T) = KY 
This simple kinetic argument gives us no information 
about the function K(T) We shall now show that by 
applying thermodynamics to 
only prove the law of mass action j 
considerations, but can also d 
K(T) on the temperature. 
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22. The Van't Hoff reaction box. The equilibria of gase- 
ous reactions can be treated thermodynamically by assum- 
ing the existence of ideal semipermeable membranes en- 
dowed with the following two properties: (1) A membrane 
semipermeable to the gas A is completely impermeable to 
all other gases. (2) When a membrane semipermeable to 
the gas A separates two volumes, each containing a mixture 
of A and some other gas, the gas A flows through the 
membrane from the mixture in which its partial pressure is 
higher to the one in which its partial pressure is lower. 
Equilibrium is reached when the partial pressures of the 
gas A on both sides of the membrane have become equal. 

Notice that a gas can flow spontaneously through a 
semipermeable membrane from a region of lower total 
pressure toward a region of higher total pressure, provided 
that the partial pressure of the gas that passes through the 
membrane is higher in the region of lower total pressure 
than in the region of higher total pressure. Thus, if a 
membrane semipermeable to hydrogen separates a box con- 
taining hydrogen at one atmosphere of pressure from a box 
containing oxygen at two atmospheres, hydrogen will flow 
through the membrane even though the total pressure on 
the other side is twice as large. . : 

We should notice, finally, that in reality no ideal semi- 
permeable membranes exist. The best approximation of 
such a membrane is a hot palladium foil, which behaves 
like a semipermeable membrane for hydrogen. f 

In order to study the equilibrium conditions for the 
chemical reaction (135), we shall first describe a process by 
which the reaction can be performed isothermally and 
reversibly. This can be done with the aid of the so-called 
Van't Hoff reaction box. me 

This box is a large container in which great quantities of 
the gases A,, Az, ++- and Bı, Bs, ++: are m chemical 
equilibrium at the temperature T. On one side of the box 
(the left side in Figure 17) is a row of r windows, the kth 
one of which, counting from the top down, is semipermeable 
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to the gas Az, while on the other side (the right-hand side of 
Figure 17, where we have assumed that r = s = 2) is a 
row of s windows semipermeable in the same order to the 
gases Bi, Bs, --- , B.. On the outside of these windows 
are attached some cylinders with movable pistons, as shown 
in the figure. 

We shall now describe a reversible, isothermal trans- 
formation of our system and caleulate directly the work L 
performed by the System during this transformation. 
According to the results of section 17, however, L must be 
equal to the free energy of the initial state minus that of 
the final state of the transformation. By comparing these 
two expressions for L, we shall obtain the desired result. 

We start with our system initially in a state for which the 
pistons in the cylinders, B, on the right-hand side of the 


Fig. 17. 


box are in contact w 
have zero volumes 


centration equal to the cor 
the box; the partial press 
semipermeable membran 
equilibrium exists. 

The reversible transformation from the initial to the final 
state can be performed in the following two steps: 

Step 1. Starting from the initial state (Figure 18), we 
shift the pistons in the cylinders on the left-hand side of the 
box very slowly inward u 
cylinders have passed t 
branes into the large box. 
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system will be in the intermediate state that is shown in 
Figure 18. 

We assume that the content of the large box is so great 
that the relative change in concentrations resulting from 
this inflow of gases is negligible. The concentrations of the 
gases A during this process, therefore, remain practically 
constant and equal in order to [A], [A] - - - [A,]. 

The work L per- 
formed by the system 
during this step is evi- 
dently negative because 


work must be done on a 
the pistons against the zai] H 


mA} 


pressures of the gases. hells 
In the first cylinder the m 
pressure remains con- “=I 

stant and equal to the — 
partial pressure p, of the 
gas A, inside the box, 1 
while the volume of the eee: 
cylinder changes from ase 


the initial volume V, to nal ee 
i i 


thefinalvolume0. The 


= 


: v H m B, 
work is equal to the H 
product of the constant 
pressure p, and the vari- d |m B |— 
ation in volume, that is, H ——. 
pi(0 — Yi) = —- piVi. Final state 
Since the cylinder, in- Fig. 18. 


itially, contained nı . 7 
moles, we have, from the equation of state, Pı Vı = nRT. 
The work is thus equal to —n,RT. Summing the work for 


all the cylinders on the left, we obtain: 
Ly = — RT Lm. 


Step 2. Starting from the intermediate state, we now 
shift the pistons in the s cylinders on the right-hand side 
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of the box (they are initially in contact with the windows) 
very slowly outward. Since the bottom of the kth cylinder, 
counting from the top down, is semipermeable to the gas 
B;, this cylinder will absorb the gas B, during the process 
and its concentration in the cylinder will be equal to that of 
the gas inside the large box, that is, equal to [B,]. We shift 
the pistons outward until the cylinders, in the order from 
the top one down, contain Mı, M2, +++, m, moles of the 
gases Bi, Ba, ... ; Bs, respectively. 

We thus reach the final State of our transformation shown 
on the right in Figure 18, Here the cylinders A have their 
pistons touching the windows so that their volumes are 


Zero, while the pistons in the cylinders B are so placed 
that the kth cylinder, 


m, moles of the gas 
concentration, [B,], 


Lu = RT 2 m;. 
i=l 
The total work performed durin 


. n th i d 
tion is the sum of L; and Ly i. i 


; that is, 


L=RT o m= È ns). (137) 


This work is equal to the difference between the free 
energy of the initial state and that of the final state. To 


calculate this difference, we note that the content of the 
large box is the same in the initial and final states. Indeed, 
In going from one state to the other, we first introduced into 
the large box n, moles of A 1, 2 Moles of A,, ... , n, moles 
of A, (Step 1), and then extracted m, moles af B, | ma moles 
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of Bs, ---,m, moles of B,. But according to the chemical 
equation (135), the substances introduced into the large 
box are equivalent to the substances withdrawn. More- 
over, since the temperature and volume of the large box do 
not change, the chemical equilibrium of the gases in the 
box readjusts itself in such a way that the initial and 
final states of these gases are identical. The only difference 
between the initial and final states of the system is in the 
contents of the cylinders. Therefore, the difference be- 
tween the free energies of the two states is equal to the 
difference between the free energy of the gases A contained 
in the cylinders A in the initial state and the free energy of 
the gases B contained in the cylinders B in the final state. 

The free energy of the n; moles of A, in the first cylinder 
(initial state) can be calculated as follows: The volume 
occupied by one mole of the gas is evidently equal to the 
inverse of the concentration [A;]. The free energy of one 
mole of A, is then obtained from (119) by substituting in 
that equation 1/[A,] for the volume V of one mole. Since 
we have n, moles of 4; , the free energy of this gas is: 


mi Cn? + Wy — T(Cn log T — R log [Ai] + a), 


where Cy, , W, , and a, are the molecular heat and the energy 


and entropy constants for the gas 4i. Using similar 
notations for A», +++, Ar, We find for the free energy of the 


gases A contained initially in the cylinders A the expression: 
pF ni (C T + W: — T(Cvilog T — R log [Ai] + a2] 
i=1 


The free energy of the gases B in the cylinders B at 


the end of the process is similarly given by: 
X m, (Ch; T + W! — TChilog T — R log [Bi] + 05], 
A 


where C;,, W, and a; are the molecular heat and the 
energy and entropy constants for the gas B;. 
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The difference between these two expressions must be 
equal to the work L given by (137). We thus have: 


RT(È m= En) = È tco We — Tos log T 
i3 ici i=1 


— Rlog [A] + a;)i— 2jmj(Cv;T 
j=l 
+ W; — T(Cy; log T — R log [Bj] 


+ a;) (138) 


Dividing by RT and passing from logarithms to numbers, 
this equation redudes to: 


[A [4] qv Aie z serene] 


[Bi] [B:]" - - - (B.]"* 


(3 Cyini— 5 ev) 
x T i-1 i=l 
M niWi— 5 miW'i 
A 1 
x e RT 
The right-hand side of this equation is a function of T 


only. Thus, equation (139) not only proves the law of mass 


action (136), but it also gives the form of the function 
K(T) explicitly. 


We shall discuss the formula (139) in section 24. In the 
next section we shall give another proof of the same formula. 


(139) 


23. Another proof of the equation of gaseous equilibria. 
In this section we shall derive equation (139) by using the 
result obtained in section 17 that the states of equilibrium 


of a system at a given temperature and volume are those for 
which the free energy is a minimum. 


We consider a mixture of the gases A,,---,A, and 
Bı, +++ , B, at the temperature T enclosed in a container of 
fixed volume V and reacting chemically in accordance with 
equation (135). When a quantity of the gases inside the 
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container takes part in the chemical reaction, the con- 
centrations of the various gases present change; as a result 
of this, the free energy of the mixture changes also. We 
shall now obtain the equilibrium condition for the chemical 
reaction by making the free energy a minimum. To do 
this, we must first obtain the expression for the free energy 
of a mixture of gases of given concentrations. 

Dalton’s law (see section 2) states that the pressure of a 
mixture of (ideal) gases is the sum of the partial pressures 
of the components of the mixture (the partial pressure of a 
component is the pressure that this component would 
exert if it alone occupied the total space occupied by the 
mixture). This law indicates that each component is 
unaffected by the presence of the other components and so 
retains its own properties in the mixture. We shall now 
generalize Dalton’s law by assuming that in a mixture of 
ideal gases the energy and the entropy also are equal to 
the sums of the energies and entropies (partial energies and 
partial entropies) which each component would have if it 
alone occupied the total volume occupied by the mixture 
at the same temperature as that of the mixture. 

From the definitions (111) and (121) of the free energy 
and the thermodynamic potential at constant pressure, it 
follows now immediately that for a mixture of ideal gases 
these quantities are equal, respectively, to the sum of the 
partial free energies and the sum of the partial thermo- 
dynamic potentials at constant pressure of the components 
of the mixture. . 

With these assumptions we can now write down the ex- 
pression for the free energy of our mixture of gases. The 
free energy of one mole of the gas A, is given, as in the 
preceding section, by the expression: 


CaT + Wy — TC log T — R log [41] + a3). 
in the volume V is [Aj], 


Since the concentration of 4: 
;] moles of the gas Ai. 


there are present altogether VÍA 
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The partial free energy of this component of our mixture is, 
therefore: 


V[4ilCaoT + Wi — T(Cr log T — R log [Ai] + a3]. 


The free energy of the total system is obtained by summing 
up the partial free energies of all the components in our 
mixture. On doing this, we obtain for the total free energy 
the expression: 


F= v2 (CT + W; — T(Cy;log T — Rlog [Ai] + a,)} 


+V 220BJ(CyT +W; — T(Crjlog T — Rlog[B] + a;)} (140) 
a 


We consider now an infinitesimal reaction of the type 
(135) (that is, a reaction in which an infinitesimal amount of 
substance is transformed). If the reaction proceeds from 
the left to the right of (135), infinitesimal amounts of the 
gases A,, As, --- , A, disappear and infinitesimal amounts 
of the gases Bi, Bs, --- , Ba are formed. The fractions of 
moles of the gases 4i, Az, ++ ,A, that disappear are 
proportional to the coefficients n; , T», *** , Nnr, respectively; 
and the fractions of moles of the gases Bi, Bs, --- , B, that 
are produced as a result of the transformation are propor- 
tional to the numbers Mı, M2, +++, Ms, respectively. Con- 
sequently, the concentrations [A il, [Ao], +++, and [Bi], 
[B], «++ undergo the variations: 

=ni, —625,:** , —en,; EMi, em, +++ , em; 
where e is the infinitesimal constant of proportionality. 

If F is to be a minimum for our state, the variation in F 
resulting from the infinitesimal reaction must vanish. 
Since this variation can be calculated as though it were à 
differential, we have: 

oF 


aF 
le m cuo E een) ee, os DIT ar 
aa" ^ apa; "^ 8[4;] + gp; "^ 
ar aF 
+ appj "t gng em = 0. 
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Dividing this equation by eV, and replacing the derivatives 
by their values as calculated from (140), we obtain the 
following equation: 


— Pin (C T + W; — (Cv: log T — Rlog[A;] + a) + RT} 
i=l 


+ Dm; {CesT + W; — T(C»;log T — Rlog [Bj] + a) + RT} =0. 
5 


It is immediately evident that this equation and equation 
(138) are identical. The equilibrium equation can thus be 
obtained at once in the same way as in the preceding section. 


24. Discussion of gaseous equilibria; the principle of 
Le Chatelier. From (136) and (139) we can obtain the 
explicit form of the function K(T), which appears on the 
right-hand side of (136). [K(T) is sometimes called the 
constant of the law of mass action; of course, it is a constant 
only if the temperature is constant.] Comparing (136) 


and (139), we obtain: 


x 5 —— E —À 
K(T) =e N^ i=l 
bg M ab Snr Be) 

x EC i ar v ) aT 2 PR cen 

- In order to discuss the way in which K(T) depends on the 
we first define the heat of reaction H of the 
We consider a mixture of the 
volume and at a fixed temperature. 


Let these gases react according to equation (135), so that 
Mi, nj, ++., n, moles of the gases Ar, As, gei 
spectively, interact and give rise to Mi, M2, °°" » s 

of the eie Bi, Bs,- E mom respectively. 'The heat H 
developed by the system during this isothermal process is 
called the heat of reaction at constant volume. The reaction 
is said to be exothermal or endothermal, depending on whether 
heat is given out or absorbed by the system when the 
reaction proceeds from the left to the right in equation (135). 


temperature, 
chemical reaction (135). 
gases A and B at constant 
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Since the reaction takes place at constant volume, no 
work is performed by the system. Therefore, the heat 
absorbed by the system (= — H) is equal, according to the 
first law (15), to the variation AU in energy of the system: 

H = =A, 


Remembering that the energy of one mole of A,, for 
example, is equal to Cy.7’ + Wi, , and that the numbers of 
moles of the gases 4i, As, ++- , A, and Bi, Be, , B. 
increase by the amounts =ni, —m.,---, —n, and mi, 
Ts, *** , m, , respectively, as a result of the reaction, we 
find that the variation in energy associated with (135) is 
given by the expression: 


AU = D m(CrsT + Wi) — E (Cw T + Wd. 
| 1 


The heat of reaction is thus: 
H= x n(Cys T + Ws) — > m(Cy;T a W;j. (142) 
i= i=1 
Taking the logarithmic derivative of (141), we obtain: 
d log K(T) , 2 Cryin: — 2 Crim; 2 Win; — x Wm; 
aT RT i RT: l 
From this equation and (142), we now find that: 


dlgK(T) H 
=a = aR (143) 


It is clear from this equation, which was derived by 
Helmholtz,! that K(T) is an increasing or a decreasing 
function of T, depending on whether the heat of reaction is 
positive or negative; K(T) increases with the temperature 
for exothermal reactions and decreases with increasing 
temperature for endothermal reactions. 


d 1 This equation can also be derived directly by applying the Van’t Hoff 
isochore (117) to a process similar to that described in section 22. 


L 
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One can easily see from (136) that an increase in K(T) 
means a change of the equilibrium conditions in the direction 
of increasing concentrations of the gases A and decreasing 
concentrations of the gases B, that is, a shift of the equilib- 
rium from the right to the left of equation (135). A 
decrease of K(T), on the other hand, means that the equilib- 
rium is shifted from the left to the right of that equation. 

The effect which a change in the external conditions has 
on the equilibrium of a chemical reaction can best be sum- 
marized by the Le Chatelier principle. This principle, which 
enables one to determine without calculations the direction 
in which a change in the external conditions tends to shift 
the equilibrium of a thermodynamical system, states the 
following: 

If the external conditions of a thermodynamical system are 
altered, the equilibrium of the system will tend to move in such a 
direction as to oppose the change in the external conditions. 

A few examples will serve to make the meaning of this 
statement clear. We have already shown that if the reac- 
tion (135) is exothermal, then an increase in the temperature 
shifts the chemical equilibrium toward the left-hand side of 
equation (135). Since the reaction from left to right is 
exothermal, the displacement of the equilibrium toward the 
left results in the absorption of heat by the system and thus 
Opposes the rise in temperature. ] 

ion of Le Chatelier's 


As a second example of the applicati | 
principle, we shall study the effect that a change in pressure 


(at constant temperature) has on the chemical equilibrium 
of the reaction (135). We notice that if the reaction (135) 
Proceeds from left to right, then the number of moles in our 


gaseous system changes; if 


m +m t +n, < m +m + ree F Ms; (144) 


the number of moles increases, and if the opposite inequality 
holds, the number of moles decreases. If we suppose that 
the inequality (144) applies, then a displacement of the 
equilibrium toward the right will increase the pressure, and 
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vice versa. From Le Chatelier's principle we must expect, 
therefore, that an increase in the pressure of our gaseous 
mixture will shift the equilibrium toward the left, that is, in 
such a direction as to oppose the increase in pressure. (In 
general, an increase in pressure will displace the equilibrium 
in such a direction as to decrease the number of moles in the 
system, and vice versa.) This result can be obtained 
directly from the law of mass action (136) as follows: 

If we increase the pressure of our system while keeping the 
temperature constant, the concentrations of the components 
of our gaseous mixture increase. If the chemical equilib- 
rium were not affected, the concentrations of all the 
components would be increased by the same factor, and, 
assuming (144) to hold, we should expect the left-hand side 
of (136) to decrease. But since the expression on the right- 
hand side of (136) remains constant, the left-hand side 
cannot decrease. Hence, the equilibrium must be shifted 
toward the left in order to keep the left-hand side of (136) 
constant. 

We may conclude this section by stating that, in general, 


low pressures favor dissociation processes while high 
pressures favor combination processes. 


Problems 
1. For a chemical reaction of the type: 


2A =A, 


the equilibrium constant K(T) of the law of mass action at the 


temperature of 18° C is 0.00017. The total pressure of the 
gaseous mixture is 1 atmosphere. Find the percentage of dis- 
sociated molecules. 


2. Knowing that the heat of reaction for the reaction considered 
in problem 1 is 50,000 cal./mole 


» find the degree of dissociation 
at 19? C and 1 atm. 


CHAPTER VII 
The Thermodynamics of Dilute Solutions 


25. Dilute solutions. A solution is said to be dilute 
when the amount of solute is small compared to the amount 
of solvent. In this section we shall develop the funda- 
mental principles of the thermodynamics of dilute solutions. 

Let us consider a solution composed of No moles of solvent 
and N,, Ns, --- , N, moles of the several dissolved sub- 
stances A,, Ao, --:,A,, respectively. If our solution is 
very dilute, we must have: 

Ni «No; Ns K No; +++ ; N, K No. (145) 


Our first problem will be to find the expressions for the 
energy, the volume, the entropy, and so forth, of our dilute 
Solution. A straightforward application of the thermo- 
dynamic equations will then yield all the other properties 
of the dilute solution. 

We consider first the energy U of our solution. Let u 
be the energy of a fraction of the solution containing one 
mole of solvent. This fraction of the solution will contain 
N/N, moles of the solute A1, N2/No moles of the solute 

2,+++, N,/No moles of the solute A,. Its energy will 
be a function of T, p, and the quantities Ni/No, N:2/No, 
*++,.N/No ; that is, 

w=u(7, Ni Nt nds Ne), (146) 


Since the entire solution contains No moles of solvent, its 
energy U is N times larger than (146) ; that is, 
M Ne... a! (147) 
U = Nou (T, p, Ro Ry 1 Ne 
We now make use of the fact that, since our solution is 
dilute, the ratios Ni/No, N2/No, +++» No/No are very 
113 
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small We assume, therefore, that it is possible to develop 
the function (146) in powers of these ratios and to neglect 
all powers above the first. If we do this, we obtain: 


^ N, 
u= w(T, p) + t0(T, p) + FE UCT, p) 4-7 + Ew (T, p). 


Substituting this expression in (147), we find that: 
U = Nouc(T, p) + Niu(T, p) +--+ + N,u,(T, p) 


= ER Niu(T, p). (148) 


It should be noted that although the various terms in the 
expression (148) for U are formally quite similar, the first 
term is much larger than all the others because of the 
inequalities (145). 

By a similar process of reasoning, we can show that, to 
the same order of approximation, the volume can be written 
as: 

V = Now(T, p) + Niv(T, p) Toc HN, p) 
= 22 Niv(T, p). (149) 

We must now obtain the expression for the entropy of our 
solution. To do this, we consider an infinitesimal reversible 
transformation during which T and p change by the infini- 
tesimal amounts dT and dp, while the quantities No, 


Nı, ++- , N, do not vary. The change in entropy resulting 
from this transformation is: 


dQ 1 
as = =F = pau + pay) 


aS du: + pdv; 
2 yee (150) 
Since ds is a perfect differential for all values of the N’s, 
the coefficient of each N in (150) must be a perfect differen- 
tial. If we integrate these perfect differentials, we obtain à 
set of functions s«(T, p), s (T, p), ... , S(T, p) such that: 


ds(T, p) = 24 ni (151) 
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If we now integrate (150), we obtain the expression for 
the entropy: 


S = XY N:s(T, p) CN Nu ss No). (152) 
i=0 


The constant of integration C, which is constant only with 
respect to T and p, depends on the N’s; we have put this in 
evidence in (152). We can determine the value of this 
constant as follows: 

Since no restriction has been placed on the manner in 
which T and p may vary, the expression (152) for S still 
applies if we choose p so small and T so large that the entire 
solution, including all the solutes, vaporizes. Our system 
will then be completely gaseous, and for such a system we 
already know that the entropy is equal to the sum of the 
partial entropies of the component gases (see section 28). 
But the entropy of one mole of a gas at the partial pressure 
P: and having the molecular heat Cpi is (see equation (87)): 

Cys log T — R log p; + a; + R log R. (153) 

Hence, for our mixture of gases we have (since the partial 
pressure p; of the substance A;isequal to pN;/(No + +++ + 
N,), where p is the total pressure): 


o N: 
: i R 
S= E v (cuteT - Riep EX + + R log ) 


o 
= NAC, log T — R log p + ai R log R) 
i=0 f " 
-R X N;log WX IAS 
If we compare this with (152), which applies to our 
gaseous mixture also, we find that: 
5; = Cpi log T — R log P +a; + Blog R, 
and 


o N: 
C, Ni, +++, No) = -RÈ N: dE p. FN 


.. , No) does not depend on 
plies not only to the 


(154) 


But the constant C(No, Ni, * 
T or p. Its value (154) therefore ap 
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gaseous mixture, but also to the original solution. Hence, 
(152) becomes: 


o 9 N; 
- is T, p) — lign lo cu (ss 
S = D NT, p) BX N: log NE (155) 


“ap Np 

It is convenient to simplify the last term of (155) by 

taking the inequalities (145) into account. By neglecting 

terms of an order higher than the first in the small quantities 
Nı,N:, ++- N, ,we find that: 


N 


Nilogig — 1 

eR ol Np log N 
1 th a dpa 
No No 

Ni; N: N 

=p ANa p Ns 
( M M x) 

= -M-N — = Nj; 


and that: 
A i N; š 
N: log NMEBNGECUENC N; log Ne (fori = 1). 
Hence, 


S = Nos(T, p) + È N:{s:(T, P-RI-RYN, log Ñi. 
i-l 0 
Instead of the functions S, we now introduce the new 
functions: 
o0(T, p) = s«(T, p) 
o(T, p) = s(T, p) +R 
TT, p) = (T, p) +R 


(T, p) = 8,(T, p) + R. (156) 
We have, then: 
S= È NT, p) TRÈ Ni log Ni, (157) 
ici 0 


(Notice the difference in the li 


mits of the two summations.) 
Although the quantities Us; 


?;, and c; are, strictly speak- 
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ing, functions of T and p, changes in these quantities result- 
ing from variations in the pressure are very small, in general, 
so that w;, v;, o:, for all practical purposes, can be con- 
sidered as being functions of T' only. 


In the theory of dilute solutions we shall always make use 
of these approximations. We shall therefore write (148), 
(149), and (157) as follows: 


v= X Na) 
ye Xen 

d : N: 
S=DNio(T) - R 2 N: log x. (158) 


i=0 
With these expressions for U, V, and S, we can imme- 
diately write down the formulae for the free energy F and 
the thermodynamic potential $ (see equations (111) and 
(121)). We have: 


a o N: 
P = 3 Nilu(T) — Te(D + RT 27 N; log y. 
0 o N: 
= È Nif(T) + RT È Nelog 31 (159) 
where 
f(T) = u(T) — Te(T); (160) 


ent of p is equivalent to neglecting 


1 To consi à ing independ 5 
Dusidór drag. bette indor imilarly, us is very nearly inde- 


the small compressibility of liquids. S 
Pendent of p; duel, if = compress a liquid isothermally, we know from 


2 co A d. The work 
experiment that only a negligible amount of heat is develope 
also is negligible because of the small change in volume. It EC 
then, from the first law, that the variation in energy Bur apu X- 
Order to show that c; also is practically independent of p, we observe, 


with the aid of (156) and (151), that: 


Since u; and i ; dent of p, the partial derivatives 
1 v; are etieally independen! P: Á 
on the right-hand side are negligible. Hence, (37/22) is very small, and 
€; thus depends practically on T alone. 
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and 
a 2 N; 
9 = D Nilu(T) — ToT) + po(T)] + RT > N: log 5, 
i=0 = 
= È NASD) + p(T) + RT E N: log yt. (161) 
26. Osmotic pressure. In dealing with solutions, we 
shall call a semipermeable membrane a membrane that is 
permeable to the solvent and impermeable to the solutes. 
Semipermeable membranes for aqueous solutions are often 
found in nature. For example, the membranes of living 
cells are very often semipermeable. A very convenient 
artificial semipermeable membrane is a thin layer of copper 
ferrocyanide imbedded in a wall of porous material. 


When a solution is separated from the pure 
| solvent by a semipermeable membrane, a 
h difference of pressure between the solution 


and the pure solvent exists at equilibrium. 
This can be shown by the following simple 
experiment. 

Into a container with semipermeable walls 
| we place a solution of sugar in water. 
Fig. 19. Through the top wall of the container we 

insert a vertical tube, as shown in Figure 19, 
where the semipermeable walls of the container have been 
indicated by dotted lines, "The height of the meniscus in 
this tube serves to indicate the pressure of the solution 
inside the container. We now dip the container in a bath 
of pure water, and observe that the meniscus inside the tube 
rises above the level of the water bath. This indicates 
that some water has passed from the bath into the solution- 
Equilibrium is reached when the meniscus in the tube is at @ 
certain height h above the level of the water bath, showing 
that the pressure in the solution is higher than the pressure 
in the pure water. The difference in pressure is called the 
osmotic pressure of the solution, If we neglect the small 
difference between the density of water and the density 9 
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the solution, the osmotic pressure is equal to the pressure 
exerted by the liquid column A, and is given by the product: 


Height, A, X Density X Acceleration of Gravity. 


To obtain the expression for osmotic pressure thermo- 
dynamically, we make use of the general result that the 
work done by a system during an isothermal reversible 
transformation is equal to minus the variation of the free 
energy. We consider the system Tepresented in Figure 20. 
A cylindrical container is divided into two parts by a semi- 
permeable membrane EF parallel to the bases AB and CD 
of the container. The part of the container on the left is 
filled with a solution composed of No moles of solvent and 
Ni, Na, ++- , N, moles of several dissolved substances. 
The right-hand part of the , E a 
container is completely filled 
with XN, moles of pure 
solvent. Solution | 

Since the membrane sep- ! 
arating the two parts of i 
the container is permeable g F 
to the pure solvent, there Fig. 20. 
will be a flow of the pure 
solvent through the membrane in 
these two flows become equal, 
equilibrium, and there will then b 
between the left-hand part of the con 
hand part. This difference of pressure 
Osmotic pressure. 

We assume now that 


I 
! Pure 
i} 
l. 


—- 


Solvent 


both directions. When 
the system will be in 
e a difference of pressure 
tainer and the right- 
P is equal to the 


the semipermeable membrane is 
movable, and we consider an infinitesimal transformation of 
Our system during which the membrane 18 shifted an infini- 
tesimal distance toward the right, so that the volume on the 
left increases by an amount dV and the volume on the right 
decreases by the same amount. Since the pressure exerted 
On the left face of the membrane by the solution 1s larger 

Y an amount P than the pressure exerted on the right face 
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of the membrane by the pure solvent, the work done by the 
system is PdV. 


During the motion of the membrane, a certain amount 
(dN. moles) of the solvent flows from the right-hand side 
of the container into the solution on the left-hand side, thus 
diluting the solution. The volumes V and V’ of the solution 
and the pure solvent, respectively, prior to the transforma- 
tion are, according to the second of equations (158): 


V = Nw + Nin +--+ + Not, 
V’ = Niv. (162) 


If N, increases by an amount dN, , we have from the first 
equation?: 


dV = vodNo; 
and the work done by the system is, therefore, 


PosdN,. (163) 


The free energy of the solution is given by (159), and is 
equal to: 


Nofo + Mift Te FM + RECN Jog NE 4 coe +N, log De). 
0 0. 


The free energy of the Pure solvent is obtained from this 


formula by replacing N, by No and putting N, = Ne = 
Uo = N,=0. This gives: : inde ' 


Nofo. 


The total free energy of our system is equal to the sum of 
these two: 


P= Wot NOR + Mihi ee + Nofs + RT Ý N; log ye. 
i=l 0 


? Since N6 decreases by an amount d. Be 
that the total volume remains bon" SRR Goss id 
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Since N, and N, change by amounts dN, and —dNo, 
respectively, as a result of the transformation, the variation 
in F is given by 


di e P gs, = OF agr 


aNo aN 
= { pe NN — fdNs 
Noii ) 
RT, + 
-y MAN. 


The negative of this quantity must be equal to the work 
(163) because the transformation is reversible. Thus: 


PwdNo = a dNo 2 N:, 


or 


o 
PuoNo = RT 2, Ni. (164) 
i=l 


Novo, which is the volume occupied by No moles of pure 
Solvent, differs very little from the volume V of the dilute 
Solution (see (145) and the first of equations (162)). Neg- 
lecting this small difference? and replacing Novo by V in 
(164), we obtain: 

a 
PV = RT 2 Ni, (165) 
or 
pe n er + N: (166) 
motic pressure of a solu- 
to the equation of state 
ed as follows: 


_ The above expression for the os 
tion bears a very close resemblance 
Ofagas. Equation (166) can be stat 


*Itisi i i <i ion consists in disregarding 
tis immediately seen that this approximation CO fad a 


terms contain; [ n 
ntaining the squares of the concentrations l s 

therefore consistent with all the approximations already made in the theory 
dilute solutions. 
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The osmotic pressure of a dilute solution is equal to the 
pressure exerted by an ideal gas at the same temperature and 
occupying the same volume as the solution and containing a 
number of moles equal to the number of moles of the solutes 
dissolved in the solution. 


This simple thermodynamical result can be easily inter- 
preted from the point of view of the kinetic theory. We 
consider a container divided into two parts by a semi- 
permeable membrane with pure solvent in each part. 
Since the solvent can pass freely through the semipermeable 
membrane, the pressure on both sides of the membrane will 
be the same. Now let us dissolve some substances in one 
part and not in the other. Then the pressure on the side 
of the membrane facing the solution will be increased by the 
impacts against it of the molecules of the dissolved sub- 
stances, which cannot pass through the membrane and 
which move about with a velocity that depends on T. The 
larger the number of molecules dissolved and the higher the 
temperature, the larger will be the number of impacts per 
unit time and, hence, the greater the osmotic pressure. 

It can be shown from kinetic theory that the velocities of 
the molecules of the dissolved substances are not affected by 
the molecules’ being in solution, but are equal to the veloci- 
ties that they would have if they were in a gaseous state. 
Therefore, both the number and the intensity of the impacts 
of the molecules of the dissolved substances against the 
membrane are equal to the number and intensity of the 
impacts that one expects for a gas. The pressures exerted 
in both cases are therefore equal. 

In order to calculate the osmotic pressure with the aid of 
(166), it is necessary to know the total number of moles of 
the dissolved substances in the solution, If no chemical 
change takes place in the solutes as a result of their being i” 
solution, this number can be calculated immediately fro? 
the knowledge of the molecular weights of the solutes and the 
percentage by weight of these sub: 


: stances present in the 
solution. p : 


For example, a normal solution, that is, a solution 
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containing 1 mole of solute per liter of water, has, at 15°C, 
an osmotic pressure: 


R X 288.1 _ 24 X 10 dynes 


Pooma = =n ——, = 28.7 atm. 
mal 1000 ami 3.7 atm 


In many cases, however, a chemical transformation takes 
place when a substance is dissolved, so that the number of 
moles of the substance in the solution need not be the same 
as the number of moles before the substance is dissolved. 
The most important example of this is that of an electrolyte 
dissolved in water. When, for example, NaCl is dissolved 
in water, almost all the NaCl molecules dissociate into Nat 
and Cl- ions. The number of molecules in the solution is 
thus about twice the number one would expect to find if no 
dissociation occurred. Some electrolytes, of course, dis- 
sociate into more than two ions. For strong electrolytes, 
the dissociation is practically complete even when the 
solution is not very dilute. For the case of weak electro- 
lytes, on the other hand, chemical equilibrium sets in 
between the dissociation of the electrolyte into ions and the 
recombination of these ions. The dissociation in this case, 


therefore, is generally incomplete. 


27. Chemical equilibria in solutions. We have already 
Seen that the law of mass action (136) applies to chemical 
reactions taking place in gaseous systems. We shall now 
derive a corresponding law for chemical reactions occurring 
m solutions. 

Let A, represent a molecule of the 
and B,,..., B, represent the mo 
We assume that a chemical reaction de 


solvent and A, **:, Ár 
lecules of the solutes. 
fined by the equation: 
ndo + mA: bees + mA BS 4+ -+ mB, (167) 
can take place among these substances. If no # 0, the 
Solvent also takes part in the reaction; whereas if no = 0, 


only the solutes react among themselves. . 
Just as in section 23, we shall require that when chemical 
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equilibrium is reached, the free energy shall be a minimum.’ 
The free energy of the solution is given, according to (159), 
by: 


F = foNo + DSN: + 2 SN} 
i= = 


+ RTAY Nilog 5 4 Ys Nj loch (168) 
i=l No jmi No 


where f; and f; are the functions of T for the dissolved 
substances A; and B; which correspond to the functions 
Si, +++, f, appearing in equation (159), and No, Ni, and 
N; are the numbers of moles of the solvent and the dis- 
solved substances A; and B;, respectively. 

Just as in section 23, we now consider an infinitesimal 
isothermal reaction of the type (167) as a result of which 
No, Ni, +++, N, and N,e N, change by the amounts: 


Mo, —d,:: , —en i EM, +++, em, 


respectively, where e is an infinitesimal constant of pro- 
portionality. Since F is a minimum at equilibrium, its 
variation must vanish when the system is in a state of 
equilibrium. We thus have: 


ar < oF aF 
ôF = —eno— — t= yao, 2 (0; 
nN a an, 22s 0 
Dividing by eand caleulating the derivatives with the aid of 
equation (168) (the f's are functions of T only and therefore 
do not vary during an isothermal transformation), we find, 


on neglecting all terms proportional to the small quantities 
NUN and N;/N,: 


r 


0 = —nofo — 2 Zn + ORT + RT log i 
= o, 
& Ff Nj 
+È mitfi + RT + RT los yy, 
= 
* Since the variations in volume of a solution are always very small, it is 


immaterial whether we consider the equilibrium condition at constan 
volume or at constant pressure. 
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-A 
GIES We 
E È mif, + RD) - E nfi + RT) — mfi 


i=1 


RT 


or 


The right-hand side of this equation is a function of T 
only. If we place it equal to log K(T), K being a convenient 
function of the temperature, we finally obtain: 


iy O 
AN). W = KT). (169) 


This equation is the expression of the law of mass action for 
chemical equilibria in solutions. 

The discussion of (169) for the case where the solvent does 
not take part in the reaction (that is, when n, = 0 in (167 )) 
is the same as the discussion of the law of mass action for 
gases (see section 24). It follows, in particular, from 
equation (169) that if we dilute the solution, the apii 
is shifted in the direction of increasing dissociation. o 
course, in this case we have no simple way of Wc eoe 
the form of K(T), as we did in the case of mm We know 
only that K(T) is a function of the temperature. 

Asa read kem important example of the ann for iis 
the solvent participates in the chemical reaction, we conside 


the reaction: (170) 
H:0 = H* + 0H, 


nto hydrogen and hydroxyl 
Let [H*] and [OH ] be the 


that is, the dissociation of water i 
lons (the hydrolysis of water). : 
Concentrations of the hydrogen and the hydroxyl ions 


(numbers of moles per cc). If we consider a ned 
meter of water, we have No = 15: Hence, the ratio: 
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the number of moles of [H^] and [OH ] to the number of 
moles of water are, respectively, 18[H*] and 18[OH™]. 


Applying equation (169) to the reaction (170), we thus 
find: 


1 
IEEJ ~ KO» 


or 
+ — 1 Ü (171) 
= = RN, 
[H*][0H7] eK = KU 
where K'(T) is a new function of the temperature only. 

We see from this equation that the product of the con- 
centrations of the hydrogen and the hydroxyl ions in water 
is a constant when the temperature is constant. At Toom 
temperature, this product is approximately equal to 107 


when the concentrations are expressed in moles per liter; 
that is, 


[HHOH] = 10-4. (172) 


In pure water, the concentrations of H+ and OH- are 
equal, so that for this case we have from (172): 


[H*] = [0H] = 10-7. 


If we add some acid to the water, there is an increase of 
[H*], and, since the produrt ( 172) must remain constant, 2 
corresponding decrease of [OH]. : 

The opposite occurs if à base is added to the water. 1t15 


usual to indicate the acidity of a water solution by the 
symbol: 


PH = —Log [H4] (173) 


(Log stands for the lo, 


garithm to the base 10; [H7] is ex 
pressed as before in mo 


les per liter.) Thus, pH = 7 means? 


EF uld 
‘rom the law of mass action appli i e WO 
k s pplied to the reaction (171), ont e 
expect the ratio [H*]OH-]/[H.0] to be a function of T only. Since th 
denominator is Practically constant, however, the numerator also 
be a function of T only in accordance with equation (171). We see su 
Fin (171) is essentially equivalent to the law of mass action in its U 
m. 


mus 
thus 
al 
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neutral reaction; pH « 7 indicates acidity; and pH > 7 
indicates a basic reaction. 

The above discussion of chemical equilibria in solutions is 
incomplete, since no account has been taken of the electro- 
static forces between ions. It has been shown by Debye and 
Hückel that such forces are often of importance and may 
affect the chemical reaction considerably. A discussion of 
this point, however, lies beyond the scope of this book. 


28. The distribution of a solute between two phases. 
Let A and B be two immiscible liquids (as, for example, 
water and ethyl ether) in contact. Let C be a third sub- 
stance soluble both in A and in B. If we dissolve a certain 
amount of C in the liquid A, the substance C diffuses 
through the surface that separates A and B; and after a 
Short time, C will be in solution in both liquids. The 
concentration of C in the liquid B will continue to increase, 
and the concentration of C in A will decrease until equilib- 
rium is reached between the two solutions. 

Let N, and Np be the numbers of moles of the two 
Solvents A and B, and let Ni and N, be the numbers of 
moles of the solute C dissolved in 4 and B, respectively. 
The thermodynamic potential, of our system will be the 
Sum of the potentials of the two solutions. — . 

We have first a solution of Mı moles of C disant : 
moles of the liquid A. The thermodynamic qe a a 
constant pressure of this solution is, according to (161): 

Pe = Naf SalT) + poa(T)} + NAD) HDD 

+ RTN log 57> (174) 
Where f,, fi, va, and v correspond to fo, fr, Yos and v: of 
the genera] formula (161). 

Second, we have a solution w 

the solvent B and N | moles of the solute 
Ynamie potential is given by: r 
a = Nal folT) + pus(T)} + NILS) + 0900] s 
+ RTN log x» (175) 


hich contains Ns moles of 
C. Its thermo- 


i S 
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: r d to 
where the quantities fs, fi, us, and v, correspon 
and vi of (161). 
" ment potential of the complete system 
ji p = p, + $r. (176) 


For a given temperature and pressure, the equilibrium 
condition is that ® be a minimum. l i. 

We consider an infinitesimal transformation of our sy qos 
as a result of which an amount dN, of C passes from i 
liquid B into the liquid A. N, and N ı will c z 
amounts dN, and —dN,, respectively, and the variatio 
® will be given by: 
ab Ob 
= —dN,—. 
aM: "aN; 

If @ is to be a minimum, this expression must vanish. 
Dividing by dN, we thus obtain the equation: 


dN, 


ðb (177) 


Using (176), (175), and (174), we obtain the equilibrium 
condition: 


ACT) + po(T) + RT log Xi gp 


, : Ni j 
7 AD) + pi(T) + RT log st + ET 
or 


Ni fi C)- OY pn C')—9(7)] 
A RT 


x =K(T,p), 79 


where the function K 
and pressure and not; 
Equation ( 


e 
(T, p) depends only on the temperatur 
on the concentrations. 

178) expresses the following law: 

When two dilute sol 


3 i ‘forent 
ultons of the same solute in two differ : 
immiscible solvents ar 


: à ce ratto 
? tn contact and in equilibrium, the 
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of the concentrations of the two solutions at a given temperature 
and pressure is constant. 


A problem analogous to the preceding one is the following: 

A solution of a gas dissolved in a liquid is in contact with 
the gas itself; to find the relationship between the pressure 
of the gas and the concentration of the solution for which 
the system is in equilibrium at a given temperature. 

Let N, and N, be the numbers of moles of the liquid sol- 
vent and the gaseous solute in the solution, respectively; 
and let Ni be the number of moles of gas in the gaseous 
phase. Since variations in volume of the solution are 
practically negligible as compared with variations in volume 
of the gaseous phase, we can neglect the term pV in the 
expression for the thermodynamic potential of the solution 
and identify this potential with the free energy of the 
Solution. According to (159), this is: 


Nof(T) + Nifi(T) + RTN: log x. (179) 


ential of the gaseous phase is 


The thermodynamic pot 
ermodyna p lying it by the number, Ni, 


obtained from (125) by multip 
of moles of gas: 


NIC, 4 W — T(C, log T — Rlogp + a + Blog Oh (180) 


Adding (179) and (180), we obtain tha to 
Potential æ of the total system. Just as in the prece e 
Problem, we obtain equation (177) as the poema e 
equilibrium, Substituting the explicit expressions e ion 

erivatives in (177), we obtain as the condition for eq 


brium the following equation: 


A(T) + RT log P: + RT = OT 
et 


4W- TC, log T — Rlog p t a * Rlog B) 
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or, dividing by ET and passing from logarithms to numbers, 
we find that: 


N CpT--W—T(Cy log T--a-R log R)-f1(T)—RT 
1 RT 


= K(T), (181) 


where K(T) is a function of the temperature alone. 
Equation (181) expresses the following law: 


The concentration of a solution of a gas dissolved in a 


liquid at a given temperature is proportional to the pressure of 
the gas above the solution. 


It can be proved in a similar fashion that if there is a 
mixture of several gases above a liquid, the concentration of 
each gas in solution is proportional to its partial pressure 1n 
the mixture above the liquid. The constant of propor- 
tionality in each case depends on the temperature as well as 


on the nature of the solvent and of the particular gas 
considered. 


29. The vapor Pressure, the boiling point, and the freez- 
ing point of a solution, The vapor pressure, the boiling 
point, and the freezing point for a solution are not the same 
a8 for the pure solvent, This fact is very important from 8 
practical point of view, because, as we shall show in this 
section, the changes in the boiling and freezing points, at 
least for dilute solutions, are proportional to the molecular 
concentrations of the solutes. The observation of E 
changes affords, therefore, à very convenient method 9 
determining the molecular concentration of the solution. 

We shall assume that the solutes are nonvolatile. 
that case, the vapor of the solution will contain only pur? 
vaporized solvent, We shall assume further that, whe? 
the solution freezes, only the pure solidified solvent separate? 
out, leaving all the solute still in Solution. b 

We can now show, from very simple considerations, th? 
the vapor pressure for a solution at a given temperature i 


n 
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lower than that for the pure solvent at the same tem- 
perature. To this end, we consider the apparatus shown in 
Figure 21. It consists of a rectangular-shaped tube in 
Which the pure solvent and the solution are separated from 
each other on the lower side by a semipermeable membrane 
at B. 'The levels A and C of the pure solvent and the 
solution, respectively, will not be at the same height because 
of the osmotic presure; the level C of the solution will be 
higher. Since the dissolved substance is nonvolatile, the 
region in the tube above A and C will be filled with the 
vapor of the pure solvent only. 

We first wait until equilibrium is established; the vapor 
pressure in the immediate neighborhood of the meniscus A 
will then be that of a saturated Jii of aolienh 
in equilibrium with its liquid phase, 
and the vapor pressure at C will be 
that of a saturated vapor in equilib- 
rium with a solution. It is evident 
that the pressures at A and at C are 
not equal, since A and C are at dif- 
ferent heights i Since C 4 
: ghts in the vapor. 
lies higher than A, the vapor pressure 
at C is lower than that at A; that 15, 


the pressure of the vapor above the 

Solution is lower than the vapor pressure above the pure 
us n . . 

Ap, quantitatively, 


To calculate this difference in pressure, 
We notice that it is equal to the pressure ex 
of vapor of height h. If p’ is the density of the vapor, 
9 1s the acceleration of gravity, We have: 

ele liquid 
On the other hand, the pressure exerted by the ha 


i lution. 
po i tic pressure P of the so. 
mn CD is equal to the osmou bem alae > 


f p is the densi re SO 

ty of the pure solv à di 
osmotic pressure (neglecting the anion erpa 2 
density of the solution and that of the pure 5o vent, 


erted by a column 
and 
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neglecting the density of the vapor as compared to that of 
the liquid): 
P= phg. 
Dividing the first equation by the second, we obtain: 


hp _ 0! 


or 


where v, and v, are the volumes occupied by one mole of 
the pure solvent in the liquid phase and in the vapor phase; 
respectively (that is, v, and v; are inversely proportional to 
p and p', respectively). Replacing the osmotic pressure P 
by the expression (165), and assuming, for the sake of 


simplicity, that there is only one solute present in the 
solution, we obtain: 


Ap = F7 => (182) 


which is the expression for the difference between the vapor 
pressure of the solution and that of the pure solvent. 

The fact that the vapor pressure for a solution is lowe? 
than that for the pure solvent is directly related to the fact 
that the boiling point of a solution is higher than that 0 
the pure solvent. The reason for this is that the boiling 
point is the temperature at which the vapor pressure is 
equal to one atmosphere. Consider a pure solvent at the 
boiling point; its vapor pressure is equal to one atmosphere 
If we now dissolve some substance in this solvent, keepine 
the temperature constant, the vapor pressure will fall below 
one atmosphere. Hence, in order to bring the pressure ba? : | 
to its original value of one atmosphere, we must raise the 
temperature of the solution. With thë aid of equation 
(182) and Clapeyron’s equation, one can easily derive ” 
expression for the variation of the boiling point of a solution 
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Instead of doing this, however, we shall calculate both the 
decrease in the vapor pressure and the increase in the boil- 
ing point of a solution by a direct method. 

We consider a dilute solution composed of No moles of 
solvent and W, moles of a solute in equilibrium with the 
vapor of the pure solvent. Let NN, be the number of moles 
of solvent contained in the vapor phase. From (148), 
(149), (155), and (121), we obtain for the thermodynamic 


potential &,4 of the solution: 
N 
dq = Nogo(T, p) + MigilT, p) + RTN: log Ny 


where 
eT, p) = uo — Too + Pros and ei 


Let (T, p) be the thermodynamic potential of one mole 
of vapor of the solvent. The thermodynamic potential of 


the Nj moles of the vapor phase is, then: 
dap = Nowo(T, P); 
and the thermodynamic potential of the total system is: 
Ni 
+ RTNilog No 


+ Nig, p). (183) 


= u — To, + pui. 


= Boi + Brp = NogalT, p) + Molt, p) 


agog e agi : hat $ be a minimum at 
The equilibrium condition 1$ t Uu eux S 


Constant temperature and pressure. , : i 
ave db = 0 for an infinitesimal, isothermal, isobaric 


transformation. If dN moles of the solvent are — 
from the vapor phase to the solution as & eo grin 
transformation (that is, if N and No vary 4 h s 
dN, and —dNo, respectively), then we must have: 
ab EET 

db = dNo aN — dNo aN! , 

Or 
ab 0o 


àN. aNo 
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Replacing the derivatives in this equation by their 
explicit expressions as calculated from (183), we obtain: 


N , 
eT, p) — RT = e(T, p), 


or 


eT, p) — eT, p) = RT M (184) 
No 
This equation expresses the relationship between the tem- 
perature and the vapor pressure of our solution. 
Let po be the pressure of the saturated vapor of the pure 
solvent at the temperature T. T and Po will satisfy equa- 


tion (184) if we place N 1 = Oin that equation, because in 


that case no solute is present. Thus: 
P(T, po) — ex(T, po) = 0. (185) 


When N, moles of solute are dissolved in the solvent, the 
pressure p of the vapor becomes: 


P = po + Ap, 
where Ap is a smal 
side of (184), in 
we find that: 


ll quantity. Expanding the left-hand 
powers of Ap up to terms of the first order, 


RT = eT, p) — oiT, p) + ap [tria Po) _ 8e(T, po) 2 
0 


apo po 
=p ee P) _ aex(T, 2» 


6 
apo Apo (13 ) 


Since e, is the thermodynamic potential of 


one mole of pure 
solvent, we obtain from (123): 


where v, is the volume of one mole of Solvent; and, similarly, 


ago(T, m) = ait 
9p, CN 
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where v, is the volume of one mole of vapor of the pure 
solvent. Substituting these expressions in (186), we have: 
RT Ni (187) 


Since the volume, v, of one mole of vapor is larger than 
the volume, vo, of one mole of liquid solvent, Ap is negative; 
this means that the pressure of the vapor of the solution is 
lower than that of the pure solvent. If vo is negligible as 
compared to vs, which we assumed to be the case in the 
derivation of equation (182), equation (187) becomes 
identical with (182). (The minus sign means that the vapor 
pressure of the solution is lower than that of the pure 
Solvent.) 

We have deduced the expression for the decrease in the 
vapor pressure from equation (184). With the aid of the 
same equation and by a method analogous to the one just 
used, we can also calculate the change in the boiling point 
of a solution. 

We consider a solution whose temperature is such that 
the pressure p of its vapor is equal to one atmosphere. Let 
T^ be the boiling point of the pure solvent and T = To + AT 
the boiling point of the solution. Since the vapor pressure 
at the boiling point is equal to the atmospheric pressure, p, 
it follows that the vapor pressure of the pure solvent at the 
temperature Tis equal to p. Since Ni = 0 for the pure 
solvent, we find, with the aid of (184), that: 

eXTo, p) — exX(To, p) = 0. 

Applying (184) to the solution, we obtain: 

Ni 
eo( T's + AT, p — eo (To + AT, p) = RT No 
_ Developing the left-hand side of the preceding equation 
n powers of AT, and dropping all terms above the first, wa 
obtain, with the aid of (188), the following equation: 


arp d9eTo p) ae (To, 2 = RT M 
aT, aT No 


(188) 
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From (124) we have: 
1 
0 


0 


where c, and c; are the entropies of one mole of solvent in the 
liquid and vapor phases, respectively. From the preceding 
two equations, we now obtain: 


AT {04 — oo} = RT, (189) 
No 

Let A be the heat of vaporization of one mole of solvent. 
If we permit one mole of the solvent to vaporize at the boil- 


A 
ing point, To, the amount of heat absorbed is A, and = 


To 
is the change in entropy. Hence, 
"B m 
To go = T 
Substituting this in equation (189), we obtain: 
= RTN, 190) 
AT = TN ( 
This is the expression for the difference between the 
boiling point of the Solution and the boiling point of the 
pure solvent. Since AT > 0, the boiling point of the solu- 
tion is higher than t 


m. _ 1000 
med Me ^ = 540 x 18 calories; 


R = 1.986 calories; 


To = 373.1°K. 
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(We can express both R and A in calories in equation (190) 
because their ratio is obviously dimensionless.) Substitut- 
ing these values in equation (190), we find that: 


AT = 0.51 degrees. 


The same formula (190) can also be used to calculate the 
change in the freezing point of a solution. The only 
difference is that, instead of having a vapor phase, we have a 
solid phase. A in that case represents the heat absorbed 
by one mole of the solvent in passing isothermally from 
the liquid to the solid state at the freezing point. This 
heat is negative and equal to —A’, where A’ is the heat of 
fusion of one mole of the solvent. For the case of freezing, 
(190) becomes, therefore, 


apa = Har (191) 


From this equation we see that the freezing point of a 
solution is lower than that of the pure solvent; the decrease 
is proportional to the molecular concentration of the 
solution. 

Tn the case of a normal solution in water, for which 
a A’ = 80 X 18 calories; 

18 
1.986 calories; To = 278.1; 


N21; No- 


R 
we find that: 


AT = —1.85 degrees. 


It should be noticed that in all these formulae Ni rep- 
resents the actual number of moles of substance present in 
the solution. For electrolytic solutions, therefore, each ion 
must be considered as an independent molecule. Thus, for 
the case of very strong electrolytes (having a high degree of 
dissociation), N; is obtained by multiplying the number of 
moles of solute by the number of ions into which a single 
molecule of the solute dissociates when in solution. 
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Problems 


1. Caleulate the osmotie pressure and the variation in the 


boiling and freezing points of a solution containing 30 grams of 
NaCl per liter of water. 


2. A solution of sugar (C;Hi.0,) in water and a solution of 
NaCl in water have the same volume and the same osmotic 


pressure. Find the ratio of the weights of sugar and of sodium 
chloride. 


3. Discuss with the aid of 


the phase rule the equilibrium of a 
solution and the vapor of the 


solvent. 

4. The concentration of a saturated sol 
number of moles of the solute to the n 
solvent) is a function of 


ution (the ratio of the 
umber of moles of the 
the temperature, Express the logarith- 
mic derivative of this function in terms of the temperature and 
the heat of solution. (Assume that the laws of dilute solutions 
can be applied also to the saturated solution. The formula can 
be obtained by applyi 


ob ng a method analogous to that used for 
deriving Clapeyron’s equation.) 


CHAPTER VIII 


The Entropy Constant 


30. The Nernst theorem. We have already seen that the 
definition of the entropy given by (68): 


S(A) = [ = 


where O is an arbitrarily chosen initial state, is incomplete 
because the arbitrariness in the choice of the initial state 
introduces an undetermined additive constant in the defini- 
tion. As long as we deal only with differences of the 
entropy, this incompleteness is of no consequence. We have 
already found, however, that cases arise (for example, in 
dealing with gaseous equilibria, Chapter V1) for which the 
knowledge of this constant becomes important. In this 
chapter we shall introduce and discuss a principle that will 
enable us to determine the additive constant appearing in 
the definition of the entropy. This principle, which was 
discovered by Nernst, is often referred to as the third law of 
thermodynamics or as Nernst’s theorem. 

In the form in which it was originally stated by Nernst, 
this theorem applied only to condensed systems, but it has 
since then been extended to apply to gaseous systems also. 
We may state this theorem in the following form: 


The entropy of every system at absolute zero can always be 
taken equal to zero. 


Since we have defined only differences of entropy between 
any two states of a system, the above statement of Nernst’s 
theorem must be interpreted physically as meaning that all 
Possible states of a system at the temperature T = 0 have 
the same entropy. It is therefore obviously convenient to 
choose one of the states of the system at T = 0 as the 
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standard state O introduced in section 12; this will permit us 
to set the entropy of the standard state equal to zero. 


The entropy of any state 4 of the System is now defined, 
including the additive constant, by the integral: 


.]l 49 (192) 
S(A) = HL 
where the integral is taken along a reversible transformation 
from any state at T = 0 (lower limit) to the state A. 

In this book we shall assume Nernst's theorem as a pos- 


heoretical basis, however, 
will serve to demonstrate its plausibility. 


S = k log 7, 


where z is called the Probability of the state. Strictly 
Speaking, z is not the probability of the state, but is actually 
the number of dynamical states that correspond to the given 
thermodynamical state. This Seems at first sight to give 
rise to a serious difficulty, since a given thermodynamical 


state corresponds to an infinite number of dynamical states. 
This difficulty is avoided 


in classical statistical mechanics bY 

the following device : 
The dynamical st 
Where f is the numb 


: ev Ould be given by designating the 
precise position in the ph l 
the state, the following approximate representation ÍS 
introduced: 

The phase Space is divig, 


ed into Í very small 
cells all of which have the s oie lhe 


ame hyper-volume 7; the state ÍS 
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then characterized by specifying the cell to which the point 
representing the state belongs. Thus, states whose rep- 
resentative points all lie in the same cell are not considered 
as being different. This representation of the state of a 
system would evidently become exact if the cells were made 
infinitesimal. 

The cell representation of the dynamical states of a system 
introduces a discontinuity in the concept of the state of a 
system which enables us to calculate v by the methods of 
combinatory analysis, and, hence, with the aid of the 
Boltzmann relation, to give a statistical definition of the 
entropy. It should be noticed, however, that the value of z, 
and therefore the value of the entropy also, depends on the 
arbitrarily chosen size of the cells; indeed, one finds that, if 
the volume of the cells is made vanishingly small, both z 
and S become infinite. It can be shown, however, that if 
we change 7, 7 is altered by a factor. But from the Boltz- 
mann relation, S = k log r, it follows that an undetermined 
factor in z gives rise to an undetermined additive constant 
in S. We see from the foregoing considerations that the 
classical statistical mechanics cannot lead to a determina- 
tion of the entropy constant. 

The arbitrariness associated with 7, and therefore with 
the entropy also, in the classical picture can be removed by 
making use of the principles of the quantum theory. The 
reason for this is that the quantum theory introduces a 
discontinuity quite naturally into the definition of the 
dynamical state of a system (the discrete quantum states) 
without having to make use of the arbitrary division of the 
phase space into cells. It can be shown that this discon- 
tinuity is equivalent, for statistical purposes, to the division 
of the phase space into cells having a hyper-volume equal 
to hf, where A is Planck’s constant (h = 6.55 X 107 em.? 
gm. sec.) and f is the number of degrees of freedom of the 
System. We may note here, without entering into the 
details, which lie outside the scope of this book, that in a 
statistical theory based consistently on the quantum theory 
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all indeterminacy in the definition of z, and therefore in the 
definition of the entropy also, disappears. 

According to the Boltzmann relation, the value of = 
which corresponds to S = 0 is r = 1. Statistically inter- 
preted, therefore, Nernst’s theorem states that to the 
thermodynamical state of a system at absolute zero there cor- 
responds only one dynamical state, namely, the dynamical 
state of lowest energy compatible with the given crystalline 
structure or state of aggregation of the system. 

The only circumstances under which Nernst’s theorem 
might be in error are those for which there exist many 
dynamical states of lowest energy. But even in this case, 
the number of such states must be enormously large! if 
deviations from the theorem are to be appreciable. Al- 
though it is not theoretically impossible to conceive of such a 
system, it seems extremely unlikely that such systems 


actually exist in nature. We may therefore assume that 
Nernst’s theorem is generally valid. 
We shall now develo 


" : P some of the consequences of 
ernst’s theorem. 


ges by an amount dT, the body will 
absorb an amount of heat dQ 


the body at the temperatur 
equation (192)) by: 


s= [ Dar, (193) 


We can obtain the first consequence of Nernst’s theorem 
from equation (193): we observe that if the thermal 
capacity, C(0), at absolute zero were different from zero, 


! Of the order of eY, where N is the number of molecules in the system. 
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the integral (193) would diverge at the lower limit. We 
must therefore have: 


C(0) — 0. (194) 


This result is in agreement with the experiments on the 
specific heats of solids. 

We shall limit ourselves here, for the sake of simplicity, 
to the consideration of solid chemical elements, and perform 
the calculations for one gram atom of the element. Figure 
22 is a graphical representation of the general way in which 
the atomic heats of solids depend on the temperature as 
found empirically. One can see from the figure that the 
atomic heat actually vanishes at absolute zero. At higher 
temperatures, C(T) approaches a limiting value which is 
very nearly the same for all solid en) 
elements and which lies very 
close to the value 3R. Since 
this limiting value is practically 
attained at room temperature, 3R 
this result is an expression of 
the well-known law of Dulong 
and Petit, which can be stated Fig. 22. 
as follows: 


All solid elements at room temperature have the same atomic 
heat, which ïs equal to 3R (that is, the product: specific heat X 
atomic weight is the same for all solids and is equal to 3R). 


A theoretical formula for the specific heats of solid ele- 
ments, which is in very good agreement with experiment, 
Was derived by Debye on the basis of the quantum theory. 
The Debye expression can be written in the form: 


C(T) = sro(@), (198) 


Where 0 is a characteristic constant of the substance, which 
has the dimensions of a temperature; it is called the Debye 
temperature. D represents the following function: 
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1 3 


€ dz E 196 

pe = 2p [2 ir (196) 

Since D(£) approaches the limit 1 for large values of $, 

it follows from (195) that the atomie heat for high inp 

peratures tends to the limit 3R, as required by the law o 
Dulong and Petit. - 

For small values of £ we may replace the upper limit " 

the integral in (196) by infinity, and we may neglect the 

second term in that expression because that term becomes 

an infinitesimal of a very high order for infinitesimal values 

of E. For E 5 0, we therefore obtain: 


1 3 4 
>i | Zdr _ 4ra (197) 
D(£) — 12 T a1" 
From this asymptotie expression for D(£), we obtain the 
Il 


following expression for the atomic heat in the limit of low 
temperatures: 


195 R ) 
Cr) = = Jv ms Pe (198 
(T) Powü 4 


We see from this expression that at low temperatures the 
atomic heat is proportiona] to the cube of the temperature. 


This consequence of the Debye theory is in good agreement 
with experiment. 


Using the Debye formula. 
of à gram atom of o 
(193). On doing thi 


» We can calculate the entropy 


ur substance by substituting (195) in 
S, we find that: 


*C(L) T z 
s- [ “pat =a f (a. 9? pay d$. a99) 
o T o lo) m = 3R| DOF 
fia pie DCE) in (199) by its explicit expression, We 


2 The following integral formulae are used: 


dt 


1 
" pi) & s: PA "Er 
D(t) = — 19 gd, Tdr E 
Í $ Í belt 


o et—1' 
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( m r$ os 
u T [? dz -2 
S Xd ELS log (1 e) 
= 3R log T + 4R —3RlogO + +, (200) 


where the last formula is valid for T > 0, that is, in the 
range of temperatures for which the law of Dulong and 
Petit holds. 

With the aid of Nernst’s theorem, we shall now discuss 
the transformation of a solid from one crystalline form to 
another. As an example, we shall consider the transforma- 
tion from grey to white tin. Grey tin is the stable form at 
low temperatures and white tin is stable at high tempera- 
tures. The transition temperature, T'o , is equal to 19°C or 
292°K. 

The transformation of tin from one of these allotropic 
forms to the other is analogous in many respects to the 
melting of a solid. Thus, for example, a certain amount of 
heat is absorbed by the tin in passing from the grey to the 
white form. This heat of transformation, Q, is equal to 
535 calories per gram-atom at the transition temperature. 

Although grey tin is the stable form below the transition 
temperature, white tin can exist in a labile form down to the 
lowest temperatures. It is therefore possible to measure 
the specific heats of both grey and white tin all the way from 
the lowest temperatures to the transition temperature. 
The atomic heats of the two forms are not equal; the atomic 


on, interchanging the order of integration in the double integral, and intro- 
ducing 1/t as a new variable in the second integral, we obtain: 


w a 2 9 a: : "d 
t o gdr *5 T az ? us i 
D) = = L—— 2 a) sa) Fees = 
f peel poih FERE ROTE h e-i 
1 
€ gdr E 
= 4 — — = log Xl- 2 *J. 
y Pl 


For large values of w, we obtain the following asymptotic expression: 


i: di 4 
De = 2+1 exl 
I Qn at og w + 
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heat of grey tin at a given temperature is less than that of 
white tin at the same temperature. . 

The transformation from white to grey tin is nonreversible 
at temperatures below the transition temperature (since 
the grey form is stable below the transition temperature, a 
spontaneous transformation can occur only from the white 
to the grey form). At the transition temperature, how- 
ever, the transformation between the two forms is reversible. 

If Si(T;) and S.(T;) are the entropies at the transition 
temperature of one gram-atom of grey and white tin, 
respectively, then, applying (69) to the reversible, isother- 
mal transformation from grey to white tin, we obtain: 


S(T) — S(T) = [ = - ie a (201) 


If we indicate the atomic heats of grey and white tin by 
Ci(T) and C«(T), 


respectively, we can express S;(T) and 
S2(To), with the aid of equation (193), as follows: 
i 0 
S= | Dam sry Í COT), (202) 
0 T o T 


We thus obtain from (201) the equation: 


2 ^^ eT) ^ QT) 203) 
Q zl “par f oe ar}, ( 


which expresses the heat of iransformation, Q, of the 
process in terms of the 


. transition temperature T, and the 

atomic heats of the two forms of tin, 1 

In order to test the validity of equation (203), we shal 
perform the two inte 


: A s e 
&rations indicated numerically. 
results of the numerical integrations are: 


degrees i 
T 
° €CT) l 
—mA-—dT = 10.53 Cal. 
i T 53 degrees ' 


Since T, = 292, we Obtain from (203): 
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Q — 292 (12.30 — 10.53) — 517 cal. 


The good agreement between this value and the experi- 
mental value, Q = 535 calories, can be taken as strong 
evidence in support of Nernst’s theorem. The small 
difference between the two values can be accounted for by 
the experimental errors. 


32. The entropy constant of gases. In section 14 we 
caleulated the entropy of one mole of an ideal gas (see 
equation (86)) and found that: 


S = Crlog T + Elog V +a. 


The undetermined additive constant a which appears in this 
expression is called the entropy constant of the gas. 

If we could apply Nernst's theorem directly to the 
formula (86) for the entropy, we could hope to determine a 
from the condition that the entropy S must vanish at 
T =0. If we attempt to do this, however, we see that the 
term Cy log T on the right-hand side of (86) becomes 
Infinite, and we obtain an infinite value for the entropy 
Constant. 

The reason for this apparent failure of Nernst's theorem 
for ideal gases is that we assumed, as one of the properties 
of an ideal gas, that the specific heat Cy is a constant; we 
have already shown (at the beginning of the preceding 
Section) that this is incompatible with Nernst’s theorem. 

One way out of this difficulty could be sought in the fact 
that no real substance behaves even approximately like an 
ideal gas in the neighborhood of absolute zero: all gases 
Condense for sufficiently low temperatures. It is therefore 
physically not permissible to apply (86) to a gas in the 
neighborhood of T = 0. 

ut quite apart from this consideration, it follows from 
quantum mechanics that, even for an ideal gas (defined as a 
Bas whose molecules have a negligible size and do not exert 
forces on each other), the specific heat at very low tem- 
Peratures decreases in such a way as to vanish in the neigh- 
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borhood of T = 0. Thus, even for an ideal gas as defined 
above, (86) can be applied only if the temperature is not 
too low. 

By statistical methods and also by a straightforward 
application of Nernst's theorem, it is possible to calculate 
the entropy of an ideal gas for all temperatures. In the 
limit of high temperatures, the entropy takes the form (86), 
with the constant a, instead of being undetermined, ex- 
pressed as a function of the molecular weight and the other 
molecular constants of the gas. 

The simplest case is that of a monatomic gas, for which 
the entropy of óne mole is given by: 


S= n3 log T + log V + log (2eMR)" we (204) 


k As j 

where M is the atomic weight; h is Planck’s constant 
(= 655 x 10-7 C. G. $. 

(= 6.03 x 105 
statistical weigh 
w for different 
we shall give t 
here. eisthe 


3 5 
a = Rlog E iat 


= R(-5.65 * 2 log M + log o). (205) 


We can also write the entropy of an ideal monatomic gasina 
form corresponding to (87): 


3 5 5 
gs a log T — log p+ log ara! - 
TE 
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We cannot give a proof of these formulae in this book; we 
shall therefore limit ourselves to some examples showing the 
applications of these formulae. As a first example, we shall 
consider the problem of calculating the vapor pressure for a 
solid monatomic substance. 

Let p be the vapor pressure of the substance at the tem- 
perature T. Keeping the temperature (and the pressure) 
constant, we vaporize one mole of the substance by increas- 
ing the volume very slowly. During this process, the body 
absorbs from the environment an amount of heat, A, equal 
to the heat of vaporization (per mole, not per gram). Since 
the vaporization of the one mole of substance occurs 
reversibly, the change in entropy during the transforma- 
tion is: 


A 
Svapor — Seolid = T 


Using the approximate expression (200) for the entropy of 
the solid and the formula (206) for the entropy of the vapor, 
We obtain: 


3 5 8 
5 Tpi 5j 
BS tog T — log p log OE — 3R log T 


— 4R + 3R log = 7, 
or, passing from logarithms to numbers, 


3 5 A 
pu (27M)? R*«0* 1 g E (207) 
deas VT 


This formula should be compared with (98), which was 
Obtained from Clapeyron's equation. The factor 1/ VT in 
(207) arises from our having taken into account the de- 
Pendence of the heat of vaporization on the temperature. 
We see that the factor of proportionality, which remained 
undetermined in (98), has now been completely determined 
in (207) by the use of Nernst’s theorem and the Sackur- 
Tetrode formula for the entropy of a gas. 
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Since in many cases we have to deal with the vaporization 
of a liquid and not of a solid, (207) cannot be used in general. 
As an example of the vaporization of a liquid, we shall 
consider the vaporization of one mole of mercury, because 
this element has a monatomic vapor. 

The boiling point of mercury is 630°K. This means that 
the vapor pressure of saturated mercury vapor at 630°K is 
equal to one atmosphere. 

We shall now calculate the entropy of one mole of mercury 
at T = 630K and p = 1 atmosphere by two different 
methods and compare the two results. 

Method 1. The Sackur-Tetrode formula (206) applied to 
our case (the atomie weight of mercury is 200.6) gives: 


S = 191 X 107, 


Method 2. We start with one mole of solid mercury at 
absolute zero. Its entropy, according to Nernst’s theorem, 
is zero. We then heat the one mole of mercury, keeping 
the pressure equal to one atmosphere, until its temperature 
has reached the melting point, T, = 234.2°K, During 
this process the entropy of the mercury increases; its value 
for T = 234.2°K can be calculated with the aid of (193): 


243.2 
Seotia (243.2) = f C) ap 
o p ý 


where C(T) is the atomic 
mercury. The above inte 
cally by using the exper 
C(T). On doing this, we 


heat at constant pressure of 
gral can þe calculated numeri- 
imentally determined values of 
obtain: 

Ssotia(243.2) = 59.9 x 107. 

We now let the mole of 
pressure. During this proce: 
an amount of heat equal to ¢ 
mercury (2330 x 107 
resulting from this is 
heat of fusion by the 


Mercury melt at atmospheric 
Ss, the body absorbs reversibly 
he heat of fusion for one mole of 
ergs/mole). The change in entropy 
therefore obtained by dividing the 
melting point; that is, the change 1 
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entropy is equal to 2330 x 107/243.2 = 9.9 x 10". The 
total entropy of the mole of mercury is now: 
Stiquia(243.2) = 59.9 X 107 + 9.9 X 107 = 69.8 X 107. 
Next we heat the liquid mercury and raise its temperature 
from the melting point to the boiling point. During this 
process, the entropy changes by the amount: 


630 C T 
Stiquia (630?) — Stiquia (243.2?) = E Sar, 


where C,(T) is the atomic heat at constant pressure. Using 
the experimental values of C,(T), we can evaluate this 
integral numerically. Its value is 26.2 x 10’. Adding 
this to the value of the entropy of the liquid mercury at the 
melting point, we find that: 

Stiquia(630°) = 69.8 X 107 + 26.2 X 107 = 96.0 X 10". 


We finally permit the mole of liquid mercury to vaporize 
at atmospheric pressure. As a result of this, the mercury 
at the temperature T = 630° absorbs an amount of heat 
equal to the heat of vaporization of one mole of mercury 
(59,300 x 107 ergs/mole). The change in entropy 1s 
therefore equal to 59,300 x 107/630 = 94 x 10’, and we 
finally obtain for the entropy of the mole of mereury vapor 
at the boiling temperature: 

S = 96 x 107 + 94 X 107 = 190 X 10’. 
This is in excellent agreement with the value found directly 
Írom the Sackur-Tetrode formula. 

The result which we have just obtained may be taken as 
àn experimental proof of the expression for the entropy of a 
monatomic gas. Similar calculations have been performed 
for argon and carbon, and in these cases also very satis- 
factory agreement was found. 


33. Thermal ionization of a gas: the thermionic effect. 
In Chapter VI we established the law of mass action (equa- 
tion (139)) for chemical equilibria in gaseous systems. The 
constant coefficient (the factor which does not contain the 
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temperature) on the left-hand side of equation (139) con- 
tains the entropy constants of gases that take part in the 
reaction. The knowledge of the entropy constants enables 
us, therefore, to calculate this coefficient; completely. 

Since we gave the expression for the entropy constant of a 
gas only for monatomic gases, we must choose, as an ex- 
ample, a reaction in which only monatomic gases take part. 
It is evident that no reaction of this kind can be found in 
chemistry. We shall therefore consider the following 
nonchemical process. 

When a gas, such, for example, as an alkali vapor, is 
heated to a very high temperature, some of its atoms 
become ionized; that is, they lose one of their electrons, and 
are thus changed into ions. If, for example, we denote by 
Na, Na*, and e sodium atoms, sodium ions, and electrons, 
respectively, the process may be represented by the reaction: 


Na = Nat + e. (208) 


It is found that, at any given temperature, this ionization 
reaction reaches a state of thermal equilibrium which is 
quite analogous to the chemical equilibrium for ordinary 
chemical reactions, 


In sodium vapor at very high temperatures, we actually 
have a mixture of three different gases: 


Neutral sodium, Na, having a concentration [Na]; sodium 


chi gn having sateen [Na+]; and an electron 
Bas composed of free el ; y 
tration [e]. ectrons), having a conce 
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weight of sodium, and neglect the very small difference 
between the masses of sodium atoms and sodium ions, so 
that we may also place M equal to the atomic weight of the 
sodium ions. The atomic weight of the electrons (that is, 
the mass of the electrons divided by xs of the mass of 
oxygen) is M, = tesco. Let us finally denote by W 
(= 4.91 x 10-" ergs/mole) the energy needed to ionize all 
the atoms in one mole of sodium vapor. We have, then, 


E mW; — E nuWi = Wion + Weorectrons — Watome = W. 

Making all the necessary substitutions in equation (139), 
we finally obtain, as the condition for thermal equilibrium 
in the thermal ionization of sodium vapor, the following 
equation: 

[Na] _ = PA piar, 
Natie (orm. yi 

This formula can be put into a more convenient form as 
follows: Let x be the degree of ionization, that is, the 
fraction of atoms that are ionized: 
um SU 
~ [Na] + Na 
and let n = [Na] + [Na+] be the total concentration of the 
Sodium (atoms + ions). We have, then, 


[Nat] = nz; [Na] = »(1 — 2). 


Since there is obviously one electron present for each sodium 
lon, we have: 


r 


[e] = [Na+] = nz, 
and we finally obtain: 
^" i w 
a (2rM.R)? 73 EF 
n —— = >= Te 
1% k At 
3 26,000 


s49x319*75i10 7, (209) 


The degree of lonization can be calculated from this formula. 
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Equation (209), which was first derived by M. N. Saha, 
has found several important applications in the physics of 
stellar atmospheres. 

As a further application of the Sackur-Tetrode formula, 
we shall obtain the expression for the density of an electron 
gas which is in equilibrium with a hot metal surface. When 
a metal is heated to a sufficiently high temperature, it gives 
off a continuous stream of electrons. If we heat a block of 
metal containing a cavity, the electrons coming from the 
metal will fill the cavity until a state of equilibrium is 
reached, when as many electrons will be reabsorbed per 
unit time by the metal as are emitted. We propose to 
calculate the equilibrium concentration of the electrons 
inside the cavity as a function of the temperature. 

Let N be the number of moles of electrons inside the 
cavity of volume V. The entropy of these electrons is 
obtained from (204) by multiplying that expression by N 
and replacing V in it by V/N, since V/N is the volume 
occupied by one mole of the electron gas. Making use of 
(84) and (29), we obtain for the energy of the electrons: 


U-N(RT TW) 
where W is the ener 


from the metal. 


For the free energy of the electron 
expression: 


gy needed to extract one mole of electrons 


£as, we now obtain the 


Fa = NGRT + W) — NRT) Slog T + log K 


(nM. By! 2] 
+ log 777 IL 


hi As 


where we have put M, = is = the atomie weight of the 
electrons, and w for the electrons = 2, 


The free energy F of our complete System is the sum of 
the previous expression and the free energy F., of the metal: 
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F = Py + wv] ann +W- nr [sios T + log V — log N 


3 5 
2(2 M.R)” e? 
+ log sao d] (210) 
The condition for equilibrium is that F be a minimum for a 
given temperature and volume. Assuming that Fy is 
independent? of N, we thus obtain: 


" g 3 
t= 2 F= z Pd 
aN ^ 5 RT + W AE log og N 


a 5 
2(2r M.R)” e? 
si Penta] pp, 


Passing from logarithms to numbers, we obtain the equation: 


[m w a Ww 
N _ AMR)? pË ET = 7.99 X ig? Tf e, (211) 


V hs As 
which gives, as required, the concentration of the electron 
gas within the cavity. 


Problems 


1. Calculate the degree of dissociation of sodium vapor at a 
temperature of 4,000° K and a pressure of 1 cm. of mercury. 
(Take into account not only the pressure due to the sodium atoms, 
but also the contribution of the ions and the electrons.) 


2. Find the relation between the Debye temperature O and 
the temperature for which the atomic heat of a solid element is 
equal to 3R/2. (Apply graphical or numerical methods.) 


* The experimental basis for this assumption is that the electrons inside a 
metal do not contribute to the specific heat of the metal; the specific heat is 
completely accounted for by the motion of the atoms. For a rigorous 
Justification of this assumption, see any treatise on the theory of metals. 
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meee of integration, inspection, substitution, transformation, reduction, areas _and volumes, 
pis an value, successive and partial integration, double and triple integration. Practical 
5 Pects are stressed rather than theoretical. A 50-page section illustrates the application 
str Calculus to specific problems of civil and nautical engineering, electricity, stress and 
problems sticity, industrial engineering, and similar fields. —796 questions answered. S68 

^ y answered. ts, formulae for j 
Index. v'+ 431pp. 533 x 8. 36 pages of useful constan e for ready retro 


Merions IN EXTERIOR BALLISTICS, Forest Ray Moulton. Probably the best introduction to 
wit ie ematics of projectile motion. The ballistics theories propounded were coordinated 
others Pg Proving ground and wind tunnel experiments conducted by the author and 
of the ‘the the U.S. Army. Broad in scope and clear in exposition, it gives the beginnings 
main di ‘eory used for modern-day projectile, long-range missile, and satellite motion. Six 
Resistance OPS: Differential Equations of Translatory Motion of a projectile; Gravity and the 
Variatio e functo Numerical Solution of Differential Equations; Theory of Differential 
Formerly" tiene, of Method of Numerical Integration; and Motion of a Rotating Projectile. 
538 x [4 ed: "New Methods in Exterior Ballistics.” Index. 38 diagrams. viii + 259pp. 

s $232 Paperbound $1.75 
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IKERS: THEORY, PERFORMANCE, TESTING AND DESIGN, N. W. McLachlan, Most com- 
TERTA coverage of theory, practice of loud speaker design, testing; classic reference, 
study manual in field. First 12 chapters deal with theory, for readers mainly concerned with 
math. aspects; last 7 chapters will interest reader concerned with testing, design. Partial 
contents: principles of sound propagation, fluid pressure on vibrators, theory of moving- 
coil principle, transients, driving mechanisms, response curves, design of horn type moving 
coil speakers, electrostatic speakers, much more, Appendix. Bibliography. Index. 165 illustra- 
tions, charts. 411pp. 536 x 8. $588 Paperbound $2.25 


MICROWAVE TRANSMISSION, J. C. Slater. First text dealing exclusively with microwaves, 
brings together points of view of field, circuit theory, for graduate student in physics, 
electrical engineering, microwave technician. Offers valuable point of view not in most 
later studies. Uses Maxwell's equations to study electromagnetic field, important in this 
area. Partial contents: infinite line with distributed Parameters, impedance of terminated 
line, plane waves, reflections, wave guides, coaxial line, composite transmission lines, 
impedance matching, etc. Introduction. Index, 76 illus. 319pp. 538 x 8. 


MICROWAVE TRANSMISSION DESIGN DATA, T. Moreno. 
and enlarged (14 new chapters) for public release unde: 


theoretical discussion amers: E d ue temperature and humidity; much miota, Enough 
ion is included to allo; ious background, 
Electronics. 324 circuit. di ow use of data without previou £i 


iagrams, E il , etc. 
data. Index. ix + 2d8pp. Scams, figures, etc. Tables of dielectrics, flexible cable, d 


RAYLEIGH'S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple & W. Bickley- 
Rayleigh's principle developed to provide upper and lower estimates of Iro value of funda- 
mental períod of a vibrating system, or condition of stability of elastic systems. Illustrative 


r- chapters. Partial contents: Ener method of discussing 
vibrations, Stability. Perturbation theory, whirling of uniform shafts. Criteria of elastic sta- 


ELASTICITY, PLASTICITY AND STRUI ise on 
rheological 'aspects of different treo mune OF MATTER, R. Houwink. Standard treatisi 


technically important solids such as crystals, resins, textiles, 
rubber, Clay, many others, Investigates general laws for deformations, atari os divergences 
tom these laws for certain Substances. Covers general physical and mathematical aspects 
of plasticity, elasticity, viscosity. Detailed examination of deformations, internal structure 
of matter in relation to elastic and plastic behavior, formation of solid matter from a fluid, 
gonditions for elastic and plastic behavior of matter. Treats glass, asphalt, gutta percha, 
Extenc DEI, bibe, dpuEh, Aeque fulphur, others. 2nd revised, enlarged edition 
i in over 4 fi s 
xviii. "P 368pp 6 d NOE! O footnotes. Index, Table REOR 572.45 
THE SCHWARZ-CHRISTOFFEL TRAI 
Miles Walker. An important b K PO MATION A 


gap, dynamo slots, 
S" Preface. 92 figures, several tables, Index. ix + 116P: 


Tuc LAWS OF THOUGHT, George Boole. This book 4 ic logi ears 
E Tx. Mí a oi dred y! 

Er sque secun toe yo tase a td 
: agens & laws, interpretati liminations, condit 
of a perfect method, analysis Aristotelian logic, " Pretations, eliminations, i 
* g ic, s. xviii 

A24pp. 53% X 8 Bic, probability, and Serer Sand $2.00 


ND METHO| - Procedure of scienti experi- 
ment, idea Pant aad on- ihe intellectual Processes by wee scare hella being. 
s chaneresting aspects of develop ncn application of ideas. Chapters 

; ing, mathemati ic; Whitene2, 

w mechanics, etc, 288pp. 5% x * i ur oe Poperbound $1.35 


X i i "n 
problems their bui faced Ni, her Various types of Construction, and describing 
readers of all ages. 48 illustrations in 


x 0 
Ti61 Paperbound $1.0 
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General 


WHAT IS SCIENCE?, Norman Campbell. This excellent introduction explains scientific method, 
role of mathematics, types of scientific laws. Contents: 2 aspects of science, science & 
nature, laws of science, discovery of laws, explanation of laws, measurement & numerical 
laws, applications of science. 192pp. 536 x 8. S43 Paperbound $1.25 


THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James Newman, 
edited by Karl Pearson. For 70 years this has been a guide to classical scientific and 
mathematical thought. Explains with unusual clarity basic concepts, such as extension of 
meaning of symbols, characteristics of surface boundaries, properties of plane figures, 
Vectors, Cartesian method of determining position, etc. Long preface by Bertrand Russell. 
Bibliography of Clifford. Corrected, 130 diagrams redrawn. 249pp. 538 x 8. 

T61 Paperbound $1.60 


SCIENCE THEORY AND MAN, Erwin Schrüdinger. This is a complete and unabridged reissue 
of SCIENCE AND THE HUMAN TEMPERAMENT plus an additional essay: "What is an Elementary 
Particle?" Nobel laureate Schrödinger discusses such topics as nature of scientific method, 
the nature of science, chance and determinism, science and society, conceptual models for 
Physical entities, elementary particles and wave mechanics. Presentation is popular and may 
be followed by most people with little or no scientific training. “Fine practical preparation 
for a time when laws of nature, human institutions . . . are undergoing a critical examina- 


tion without " Waldemar Kaempffert, N. Y. TIMES. 192pp. 538 x 8. 
autsparelely Ma n T428 Paperbound $1.35 


FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 
quack systems, frauds, delusions which at various times have masqueraded as science. 
Accounts of hollow-earth fanatics like Symmes; Velikovsky and wandering planets; Hoer- 
biger; Bellamy and the theory of multiple moons; Charles Fort; dowsing, pseudoscientific 
methods for finding water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, 
food fads, etc. Analytical accounts of Wilhelm Reich and orgone sex energy; L. Ron Hubbard 
and Dianetics; A. Korzybski and General Semantics; many others. Brought up to date to 
include Bridey Murphy, others. Not just a collection of anecdotes, but a fair, reasoned 


apprai i d IN THE NAME OF SCIENCE. Preface. Index. 
X ipo! ane neon ‘Formerly suite 1394 Paperbound $1.50 


A DOVER SCIENCE SAM dited by George Barkin. 64-page book, sturdily bound, contain- 
ing excerpts from Cp books, ceplaining science. Edwin Hubble, George Sarton, 
Ernst Mach, A. d’Abro, Galileo, Newton, others, discussing island universes, scientific truth, 
biological phenomena, stability in bridges, etc. Copies limited; no more than 1 to a Sissi 


POPULAR SCIENTIFIC Hermann von Helmholtz. Helmholtz was a superb expositor 
aS well as a Pbi dbem in many areas. The seven essays in this volume are models 
of clarity, and even today they rank among the best general descriptions of their subjects 
ever written. "The Physiological Causes of Harmony in Music" was the first significant physio- 
logical explanation of musical consonance and dissonance. Two essays, “On the Interaction 
Of Natural Forces" and "On the Conservation of Force,” were of great importance in the 
history of science, for they firmly established the principle of the conservation of energy. 
Other lectures include “On the Relation of Optics to Painting," “On Recent Progress. in the 
QN oF elon “On Goethe's Scientific Researches,” and an e Origin and, Seni Ine: 

aera Axioms.” i i introduction rofessor 3 
xil + 286pp. 5% ^ d. Selected and edited with an in y Professor erbound $1.48 
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QR GERNING THE NATURE OF i delivered at 
THINGS, Sir William Bragg. Christmas lectures deli 
ura Fa Society by Nobel laureate. Why a spinning ail travels in a curved track; how 
atar Na ig renemüted to lead, etc, Partial contents: atoms, gases liquids, crystal, metas; 
f ackgroi n i child. 32pp. 8 
figures, xij + 232pp. Broun groeden; wonderful for intelligen! T32PP oo nd $1.50 


THE RESTLESS UNIVER: 1 
SE, Max Born. New enlarged version of this remarkably readable 
reos by a Nobel laureate. Moving from Substomic particles to universe, the author 
and its aiid, Simple terms the latest theories of wave mechanics, Partial contents: air 
nuclear ie atives, electrons & ions, waves & particles, electronic structure of the atom, 
Physics. Nearly 1000 illustrations, including 7 animated sequences. 325pp. 6 X 9. 
T412 Paperbound $2.00 
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LID TO EDDINGTON: A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD, 

Sh camund Whittaker. A foremost British scientist traces the development of theories E 
natural philosophy from the western rediscovery of Euclid to Eddington, Einstein, Dirac, e S 
The inadequacy of classical physics is contrasted with present day attempts to understant 
the physical world through relativity, non-Euclidean geometry, space curvature, wave me- 
chanics, etc. 5 major pivistons of Examiipation: peace: ime ane, Movements the, Conese 
ics; the Concepts of Quantum Mechanics; the ington Univ ] ] 

Ep Classical EIS L P 1491 Paperbound $1.35 


PHYSICS, THE PIONEER SCIENCE, L. W. Taylor. First thorough text to place all important 
physical phenomena in cultural-historical framework; remains best work of its kind. Exposi- 
tion of physical laws, theories developed chronologically, ith great historical, illustrative 
experiments diagrammed, described, worked out mathematically. Excellent physics tex! 
for self-study as well as class work. Vol. 1: Heat, Sound: motion, acceleration, gravitation, 
conservation of energy, heat engines, rotation, heat, mechanical energy, etc. 211 illus. 
407pp. 538 x 8. Vol. 2: Light, Electricity: images, lenses, prisms, magnetism, Ohm's law, 
dynamos, telegraph, quantum theory, decline of mechanical view of nature, etc. Bibliography. 
13 table appendix. Index. 551 illus. 2 color plates. 508pp. 536 x 8. 
Vol. 1 S565 Paperbound $2.00 
Vol. 2 S566 Paperbound $2.00 
The set $4.00 


s 


A SURVEY OF PHYSICAL THEORY, Max Planck. One 
creator of the quantum revolution in physics, 


tous theory, and many ibi Pp by step Serenator of how he developed EAR us 
POT, and. re of the basic idea: hi 3 erly “A Survi 
of Physics.” Bibliography. Index. 128p, 5 L ehind modern physics. Formerly 


p. 5% x 8. S650 Paperbound $1.15 


THE ATOMIC NUCLEUS, M. Korsunsky. The only non-technical comprehensive account of the 
atomic nucleus in English. For college physics students, etc. Chapters cover: Radioactivity, 
the Nuclear Model of the Atom, the Mass of Atomic Nuclei, the Disintegration of Atome 
: "I$ , the Artificial Transformation of Atomic Nuclei, Artifi- 
gal Radioactivity, Mesons, the Neutrino, the Structure of Atomic Nuclei and Forces Acting 
Reactions. Shanty dies r Fission Chain Reaction, Peaceful Uses, THBHnOEUICAT 

. ihtly { ion. Translated by G, ix includes 
45 photographic illustrations. 413 Pp. 536 x 8. SSL CARENS GS Heures, Püberbound $2.00 


i ic and Pote Density, The Law of Gravitation, Mass and 

A i 5 f 
Acceleration, The Independence of Motions, Galileo "and "Ihe Naw! Salone oF Dynamics, 
edition of “This Mahan esn "e. The, Conservation of Momentum, and SiC. "topics. Revised 
Index. xiv + 171pp. 5% x a ." Illustrated by E, Kosa, Jr. Bibliography and Chronology. 


f man's conten Mott-Smith. Elementary, non-technicat 
the developments durin the ni uest of energy, with particular empha: 
century. Discusses man’s earlier ehe guy and the first three decades of our own 


1 m , the bases of the co tion of the concept 

of entropy, the internal combust ins, i nservation of energy, 

{opies. Also much biographical materjal. indes. Amical, refrigeration, and many other relate 
a. 


-Smi " n e 
theory and attributes of heat, peo pod of ne Best elementary introductions to, th 


, ; f heat 
on Solids, liquids and gases, the meth fcn pette laws governing the effect of heat 
substance from one form to another through he heat iS measured, the conversion 0 


Radi cles ay OME ENERGY, Fe. nar rane at a 
Toegtcal Begins with first atomic theory, 600 Bip. Uer similar source. Completely E 
1959. Avogadro, Rutherford, Bohr, Einstein. rad oac o uc WES 
flanger, future benets of nuclear power, d 

a! manner. Particular stress on European atomi, Gi ial mention 
id authoritative," Saturday Review. Formerly "The. Atom. Stor MS E. to 1959. 
Index. 34 illustrations. 251pp. 534 x 8. 7" 1625 Paperbound $1.80 


tive decay, binding ‘energy, radiation 
Spdozens of other topics, told in lively, related: 


Catalogue of Dover Books 


THE STRANGE STORY OF THE QUANTUM, AN ACCOUNT FOR THE GENERAL READER OF THE 
GROWTH OF IDEAS UNDERLYING OUR PRESENT ATOMIC KNOWLEDGE, B. Hoffmann. Presents 
lucidly and expertly, with barest amount of mathematics, the problems and theories which 
led to modern quantum physics. Dr. Hoffmann begins with the closing years of the 19th 
century, when certain trifling discrepancies were noticed, and with illuminating analogies 
and examples takes you through the brilliant concepts of Planck, Einstein, Pauli, de Broglie, 
Bohr, Schroedinger, Heisenberg, Dirac, Sommerfeld, Feynman, etc. This edition includes a 
new, long postscript carrying the story through 1958. "Of the books attempting an account 
of the history and contents of our modern atomic physics which have come to my attention, 
this is the best," H. Margenau, Yale University, in "American Journal of Physics." 32 tables 
and line illustrations. Index. 275pp. 538 x 8. T518 Paperbound $1.50 


THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d'Abro. Einstein's 
Special and general theories of relativity, with their historical implications, are analyzed in 
non-technical terms. Excellent accounts of the contributions of Newton, Riemann, Weyl, 
Planck, Eddington, Maxwell, Lorentz and others are treated in terms of space and time, 
equations of electromagnetics, finiteness of the universe, methodology of science. 21 dia- 
grams. 482pp. 5% x 8. T2 Paperound $2.25 


THE RISE OF THE NEW PHYSICS, A. d'Abro. A half-million word exposition, formerly titled 
THE DECLINE OF MECHANISM, for readers not versed in higher mathematics. The only thor- 
ough explanation, in everyday language, of the central core of modern mathematical physical 
theory, treating both classical and modern theoretical physics, and presenting in terms 
almost anyone can understand the equivalent of 5 years of study of mathematical physics. 
Scientifically impeccable coverage of mathematicai-physical thought from the Newtonian 
system up through the electronic theories of Dirac and Heisenberg and Fermi's statistics. 
Combines both history and exposition; provides a broad yet unified and detailed view, with 
constant comparison of classical and modern views on phenomena and theories. “A must for 
anyone doing serious study in the physical sciences," JOURNAL OF THE FRANKLIN INSTITUTE. 
"Extraordinary faculty . . . to explain ideas and theories of theoretical physics in the lan- 
Ruage of daily life," ISIS. First part of set covers philosophy of science, drawing upon the 
Practice of Newton, Maxwell, Poincaré, Einstein, others, discussing modes of thought, experi- 
ment, interpretations of causality, etc. in the second part, 100 pages explain grammar and 
vocabulary of mathematics, with discussions of functions, groups, series, Fourier series, etc. 
The remainder is devoted to concrete, detailed coverage cof both classical and quantum 
physics, explaining such topics as analytic mechanics, Hamilton's principle, wave theory of 
light, electromagnetic waves, groups of transformations, thermodynamics, phase rule, Brownian 
movement, kinetics, special relativity, Planck's original quantum theory, Bohr's atom, 
Zeeman effect, Broglie's wave mechanics, Heisenberg's uncertainty, Eigen-values, matrices, 
Scores of other important topics. Discoveries and theories are covered for such men as Alem- 
bert, Born, Cantor, Debye, Euler, Foucault, Galois, Gauss, Hadamard, Kelvin, Kepler, Laplace, 
Maxwell, Pauli, Rayleigh, Volterra, Weyl, Young, more than 180 others. Indexed. 97 illustra- 
tions. ix + 982pp. 538 x 8. T3 Volume 1, Paperbound E 00 

T4 Volume 2, Paperbound $2.00 


SPINNING TOPS AND G [nu MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, EROS Ore ght exposition. How qua: gidity is induced in flexible 
and fluid bodies by rapid motions; why gyrostat falls, top rises; nature. and effect on eme c 
conditions of earth's precessional movement; effect of internal fluidity on rotating bo ie 
etc. Appendixes describe practical uses to which gyroscopes have been put in SIND roo 
Passes, monorail transportation. 62 figures. 128pP. 538 x B. T416 Paperbound $1. 


THE UNIVERSE OF LIGHT, Sir William Bragg. No scientific training needed to read Nobel 


Prize winner's exi i ti Insight into nature of 

i pansion of his Royal Institute Christmas Lectures. gi 

light, methods and philosophy of Science. Explains lenses, reflection, color, resonance 

Polarization, x-rays, the spectrum, Newton's work with prisms, Huygens. with polariza in 

Se with cathode ray, etc. Leads into clear statement ot D malar Ha ee 63 
corpuscl ou can do. illus., 

full-page color Ea appre, of SRE! $538 Paperbound $1.85 


THE STORY OF X-RAYS FROM RÜNTGEN TO ISOTOPES, A. R. Bleich. Non-technical history of 
industry, research, and 


X-rays, their scientific explanation, their applications in medicine, t 3 
un and their effect on the individual and nis descendants. Includes amusing early reactions 
O Rüntgen's discovery, cancer therapy, detections of art and stamp forgeries, Ree gall 


risks to patient and operator, etc. Illustrations show x-rays of flower structure, 
bladder, gears with hidden defects, etc. Original Dover publication, Glossary. Bibliography. 
index. 55 photos and figures. xiv + 186pp. 5% x 8. 1662 Paperbound $1.3: 


ELECTRONS, ATOMS, METALS AND ALLOY: tory-level explana- 
^ S, Wm. Hume-Rothery. An introductory: 

Hon of the application of the electronic theory to the structure and properties of metals 
Mati alloys, taking into account the new theoretical work done by mathematical physicists. 
Teterial Presented in dialogue-form between an “Old Metallurgist" and a "Young Scientist. 
th T discussion falls into 4 main parts: the nature of an atom, the nature of a metal, 
hyd Nature of an alloy, and the structure of the nucleus. They cover such topics as the 
aopen atom, electron waves, wave mechanics, Brillouin zones, co-valent bonds, radio- 
vity and natural disintegration, fundamental particles, structure and fission of the 


Nucleus,etc. Revised, enlarged editi i i Subject and name indexes. 407pp. 
5% x BA. |, enlarged edition. 177 illustrations. Subje! d na paperbound $2.28 
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i logram of force, 

MECHANICS, P. Abbott. The lever, centre of gravity, parallel 0 
Ca RIS Tid. Newton's laws of motion, marines) speni gam Hid liquid 
pressure, much more. 280 problems, solutions. Tables. 163 illus. pp. Bothbourd $2.00 


i iti i ith simple par- 

OTION, James Clerk Maxwell, This excellent exposition begins wi i S 

MATTER @ rene gradually to physica aens poyend complete analyais. maton, Tone 

ii f centre of mass of material system, work, i i 3 4 8 
tee original insights and clarity. Notes by E. Larmor. 17 diagrams. 178pp. 538 X 


$188 Paperbound $1.35 


Only com- 
BUBBLES, THEIR COLOURS AND THE FORCES WHICH MOULD THEM, c. V. Boys. 4 
Biel edition, half again as much material as any other. Includes Boys' hints on performing 
his experiments, sources of supply. Dozens of lucid experiments show comple: 


i i i i illustrations. 
liquid films, surface tension, etc. Best treatment ever written. Introduction. 83 i 
Color plate. 202pp. 536 x 8. 1542 Paperbound 956 


MATTER & LIGHT, THE NEW PHYSICS, L. de Broglie. Non-technical papers by a Nobel liureste 
explain electromagnetic theory, relativity, matter, light and radiation, wave mechanics, 


^ p Meit) h ily 
quantum physics, philosophy of science. Einstein, Planck, Bohr, others explained so easi 

iut no mathematical training is needed for all but 2 of the 21 ‘chapters. Unabridged. Index. 
300pp. x 8. 


T35 Paperbound $1.75 


SPACE AND TIME, Emile Borel. An entirely non-technical introduction to relativity, by world- 
renowned mathematician, Sorbonne pri 


ofessor. (Notes on basic mathematics are included 
Separately.) This book has never been Surpassed for insight, and extraordinary clar "d ae 
thought, as it presents scores of examples, analogies, arguments, illustrations, whic A 
plain such topics as: difficulties due to motion; gravitation a force of inertia; ftheory 
lines; wave-length and difference of Phase; x-rays and crystal structure; the special h 
of relativity; and much more. Indexes. 4 appendixes. 15 figures. xvi + 243pp. 538 x $1.45 
1592 Paperbound $1. 
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ience 
This engaging survey of stellar lore and scien 
is a well-known classic, which has introduced thousands to the fascinating world of state 
. Capella, Sirius, Arcturus, Vega, Polaris, SIC ite 
th informative discussions of rising and setting of stars, their 
in a non-technical, highly readable style. the 
double stars, Constellations, clusters—concentrating on stars and formations visible to 23 
y D. H. Menzel, Director Harvard Observatory 
Ord by D. H. Menzel and W. W. Morgan. 


g-Sung Yu. Forew 
i T1099 ‘Paperbound $1.00 


Charts. Index. xii + 147pp. 5% x 81⁄2, 


AN ELEMENTARY SURVEY OF CELES Y. Ryabov. Elementary exposition af 
gravitational theory and celestial | introduction and coverage of rid 
principles, including: „the orbital plane, the 2- and 3-body problems, the tel- 
covery of Neptune, planetary rotation, the length of the day, the shapes of galaxias, Ar 
lites (detailed treatment of Sputnik I), etc. First American reprinting of successful Russ ta- 
popular exposition. momentary algebra and trigonometry helpful, but not necessary; presen 
i al. Appendix of theorem proofs. 58 fi 3 i x B. 
Pi igures. 165pp. "ar Páperbound $1.25 
THE SKY AND ITS MYSTERIES, E. A. 
deals YER actronomy from earliest f life on 
Source of stellar energy, origi ibility of li 
other planets. Discusses effects of Sunspots on Wadih on re ‘dees or de ble 
bliography" Over ers; much more. eminently readable 
Ibliogra, . Ove i; E ates, 
Star map. Introduction. Index. 51⁄4 x pira Ye Over 50: diagrams, 12 Tte Cibthbound $3.50 


THE REALM OF THE NEBULAE, E. Hubble. One of the f our time records 
his formulation of the concept of “island universes, aay po on astronomy. Suci 
fd or Cecovered as the Velocity distance gelation; classification, nature, distances, gene gg 
; ogical theories; n i i h ^ il s 
photos of nebulae, nebulae clusters, tra of nne neithborhood of the Milky 


spectra of ity distance relation’ 
Shown by spectrum comparison. “One of the most prasid VElnelty dis 
Search," The Times (| 


y d | re 
h d most progressive lines of astronomical 
201pp. S38 x Wi London) New introduction by A, Sandage. 55 illustrations. Index. iV. 


S455 Paperbound $1.50 
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OUT OF THE SKY, H. H. Nininger. A non-technical but comprehensive introduction to "'me- 
teoritics", the young science concerned with all aspects of the arrival of matter from 
Outer space. Written by one of the world's experts on meteorites, this work shows how, 
despite difficulties of observation and sparseness of data, a considerable body of knowledge 
has arisen. It defines meteors and meteorites; studies fireball clusters and processions, 
meteorite composition, size, distribution, showers, explosions, origins, craters, and much 
more. A true connecting link between astronomy and geology. More than 175 photos, 22 other 
illustrations. References. Bibliography of author's publications on meteorites. Index. viii + 
336pp. 538 x 8. T519 Paperbound $1.85 


SATELLITES AND SCIENTIFIC RESEARCH, D. King-Hele. Non-technical account of the manmade 
satellites and the discoveries they have yielded up to the autumn of 1961. Brings together 
information hitherto published only in hard-to-get scientific journals. Includes the life history 
of a typical satellite, methods of tracking, new information on the shape of the earth, zones 
of radiation, etc. Over 60 diagrams and 6 photographs. Mathematical appendix. Bibliography 
Of over 100 items. Index. xii + 180pp. 536 x 8¥2. T703 Paperbound $2.00 
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Mathematics 


i f 
CHANCE, LUC TISTICS: THE SCIENCE OF CHANCE, Horace C. Levinson. Theory 0 
probability Es pr statistics in simple, non-technical language. Part i dnas pid 
theory of probability, covering odd superstitions in regard to “luck,” me meaning d bat 
ting odds, the law of mathematical expectation, gambling, and applications n pi Sri Toe 
lette, lotteries, dice, bridge, and other games of chance. Part II discusses the NEUE 
Statistics, the 'concept of statistical probabilities, normal and skew frequency mM ont 
and statistics applied to various fields—birth rates, stock speculation, insurance i es, Sia 
lising, elc. "Presented in an easy humorous style which | consider the best kini te pi i 
tory writing," Prof. A. C. Cohen, Industry Quality Control. Enlarged revised edition. Formerly 


titled * i » dices by the author. Index. xiv 
+ asep és arlence of Chance." Preface and two new append! y the Pberbound $1.89 


PROBABILITIES AND Li Borel, Translated by M, Baudin. Non-technical, highly read: 
able introduction to ME Emna of probability as applied to everyday situations. END eon 
tents: Fallacies About Probabilities Concerning Life After Death; Negligible Probabili ies fies 
the Probabilities of Everyday Life; Events of Small Probability; Application of Probab li ies 
o Certain. Problems of Heredity; Probabilities of Deaths, Diseases, and Accidents; on 


Polsson i isti i tables. vi + 87pp. 
x Bu S Formula. Index. 3 Appendices of statistical studies and DIES Piperbound $1.00 


GREAT IDEAS OF MODERN Jagjit Singh, Reader with 

MATHEMATICS: THEIR NATURE AND USE, agi R i 
ong. high school math will understand main mathematical ideas of modern physics, aston 
con, „genetics, psychology, evolution, etc., better than many who use them as tools, but 
mayprehend little of their basic structure. Author uses his wide knowledge of norma ja 
SEa fields in brilliant exposition of differential equations, matrices, group theory) T gic, 
boB OS Problems of mathematical foundations, imaginary numbers, vectors, etc. Oriana 

ication. 2 appendices. 2 indexes. 65 illustr. 322pp. 538 x 8. S587 Paperbound $1. 


MATHEMATICS, IN, ACT i igh school algebra 
ill fi ION, 0. G. Sutton. Everyone with a command of high sc b 
TUN find this book one of the finest possible introductions to the application of mathematics 
stiles oe, theory. Ballistics, numerical analysis, waves and wavelike phenomena, aurie 
are di group concepts, fluid flow and aerodynamics, statistical measures, and meteorology 
developed by watt usus clarity. Some calculus and aifferen tial SOS hEN an 
ii Suor 3 difficult sections. 1 
Index. viij + 236pp. 535 mp Me reader's help in the more di eS ent bound $3.50 


THE FOURTH DIME : T 
ientifi NSION SIMPLY ii Manning. 22 essays, originally 
S EXPLAINED, edited by H. P. £. [- 
of dU American contest entries, that use a minimam of mathematics to explain aspects 
curiosities (euch geometry: analogues to 3-dimensional space, 4-dimensional absurdities and 
measurem: RUE as removing the contents of an egg without puncturing its shell), possible 
elementary le and forms, etc. Introduction by the editor. Only book of its sort on a truly 
Y level, excellent introduction to advanced works. 82 figures. 251pp. 5% X 8. 
1711 Paperbound $1.35 
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Engineering, technology, applied science etc. 


i i i i tance, capacitance, 

LF ELECTRICITY, C. W. Wilman. Electrical resistance, induc ] trans 

Moon effects of' current, alternating currents, generators and A gl 

formers, rectifiers, much more. 230 questions, answers, worked examples. Boban $2.00 
illus. 194pp. 6% x 414. 


i d descriptions 

LLURGY AND METALLOGRAPHY, A. M. Shrager. Basic theory ani artial 

Pages i FERSY AnD: manufacturing processes involved in Urs. Ka ore 

contents: the structure of metals; slip, plastic deformation, and recrystali i eteel, basic 

and production of pig iron; chemistry involved in the metallurgy of kron Arie Sto furnace 

processes such as the Bessemer treatment, open-hearth process, the el ud ering steel; 

—with advantages and disadvantages of each; annealing, hardening, and d Hoan Students 

copper, aluminum, magnesium, and iheir alloys. For freshman engineers, d lvi 284 questions 

in technical high Schools, etc. Index. Bibliography. 177 diagrams. Bi ales, erbound $2.25 
and problems, 27-page glossary. ix + 389pp. 5% x 8. 13 pi 


i se 
BASIC ELECTRICITY, Prepared by the Bureau of Naval Personnel. Originally a training cour: 


" i basic theory of 
text for U.S. Navy Personnel, this book provides thorough coverage of the ited 
electricity and ifs applications. Best book of its kind for either broad o I" vides 
studies of electrical fundamentals . . . for classroom use or home study. imple circuit, 
à more limited coverage of theory: fundamental concepts, batteries, s ‘it Pe ductance 
D.C. series and parallel Circuits, conductors and wiring techniques, A.C. elec: nno genera 
and capacitance, etc. Part 2 applies theory to the structure of electrical machin 


tru- 
tors, motors, transformers, magnetic amplifiers. Also deals with more UTI Inen 
ments, synchros, Servo-mechanisms. The concluding chapters cover electrical dri 

blueprints, wiring diagrams, technical manu; 


als, and safety education. The zd Fin 
numerous questions for the Student, with answers. Index and six appendices. 3: d $3.00 
tions. x + 448pp. 612 x 914. $973 Paperboun «l 


i icati horough 
Navy Training Publications Center. A tl 

als f electronics, Written clearly, it is Kah 
A Se with a knowledge of the principles Son 10 
electricity. Partial contents: Operating Principles of the Electron Tube; Introduc Ampli- 
Transistors; Power Supplies f Equipment; Tuned Circuits; Electron-Tube Pura 
fers Andja rawat pmeliteras, Oscillators; Transmitters; trensmalssjon Hines Fea of 
‘Opagation; Introduction to Com; uters; and related topics. Appendix. ndex. 

illustrations and diagrams. vi e s ated à PP $1076 Paperbound $2.7 


e 
BASIC THE + Prepared by the U.S. Department of the 
Army. An introductory manual prepared for an army training program. One of the 
available surveys of theor 


J inima 
0 y and application of transistor design and operation, Minim: 
knowledge of physics and theory of electro; 


istors: 
i € Chapters: Introduction; fundamental theory of transistor: 
transistor amplifier fundamentals; p: 


S zal analysis and comp; 
audio amplifiers; tuned amplifiers; wide-band ices. 
Circuits; modulation, mixing, and demodulation; and ‘additional semiconductor d 
Unabridged, corrected edition, 240 Schematic drawings, photographs, wiring diagrams, 1.25 
2 Appendices. Glossary, Index. 263pp. 615 x 95. $380 Paperbound $1- 
d 
TEACH YOURSELF HEAT ENGINES, E. De Ville, Me: ent of steam an 
INEA roge stjon engines, eMelency of an engine, compression emg engines, production 
of steam, the ideal engine, muci more. 31i i amples. '] 
76 illus. '220pp. "ec, © [o e. 8 exercises, answers, worked abound $2.00 


BOOKS EXPLAINING SCIENCE AND MATHEMATICS 


Miscellaneous 


t ti „physiology, experiment, 

entire gamut of musical tone, Pa relat’ ot musical science to acoustics, 

Physiological acoustics, Composition of vibration, resonance, analysis of ton 
Chords, tonalit 


i14 Paperbound $3.00 
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THE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M. Minnaert. Why is falling snow 
Sometimes black? What causes mirages, the fata morgana, multiple suns and moons in the 
sky? How are shadows formed? Prof. Minnaert of the University of Utrecht answers these and 
similar questions in optics, light, colour, for non-specialists. Particularly valuable to nature, 
Science students, painters, photographers. Translated by H. M. Kremer-Priest, K. Jay. 202 
illustrations, including 42 photos. xvi + 362pp. 5% x 8. T196 Paperbound $2.00 


THE PHYSICS OF MUSIC, Alexander Wood. Introduction for musicians to the physical aspect 
of sound. No scientific training necessary to understand concepts, etc. Wealth of material 
on origin and development of instruments, physical principles involved in the production of 
their sounds, pitch, intensity and loudness, mechanism of the ear, dissonance and conso- 
nance, sound reproduction and recordings, concert halls, etc. Extensively revised by Dr. 


J. M. Bowsher. Indices. Bibliography. 16 plates. 114 illustrations. 270pp. 5s x 8V6. 
T322 Paperbound $2.25 


GREAT IDEAS AND THEORIES OF MODERN COSMOLOGY, Jagjit Singh. The theories of Jeans, 
Eddington, Milne, Kant, Bondi, Gold, Newton, Einstein, Gamow, Hoyle, Dirac, Kuiper, Hubble, 
Weizsácker and many others on such cosmological questions as the origin of the universe, 
Space and time, planet formation, "continuous creation," the birth, life, and death of the 
Stars, the origin of the galaxies, etc. By the author of the popular ‘Great Ideas of Modern 
Mathematics." A mitted popularizer of science, he makes the most difficult abstractions 


crystal-cl the most non-mathematical reader. Index. xii + 276 pp. 536 x 842. 
a 1925 Paperbound $1.85 


PIONEERS OF SCIENCE, 0. Lodge. Eminent scientist-expositor's authoritative, yet elementary 
survey of great scientific theories. Concentrating on individuals—Copernicus, Brahe, Kepler, 
Galileo, Descartes, Newton, Laplace, Herschel, Lord Kelvin, and other scientists—the author 
Presents their discoveries in historical order adding biographical material on each man and 


full, specific explanations of their achievements. The clear and complete treatment of the 


post-Ne i i Idom found in other books on the subject. Index. 
wtonian astronomers is a feature seldo Phe Paperbound $1.85 


120 illustrations. xv + 404pp. 5% x 8. 


BIOGRAPHY OF SCIENTISTS 


ISAAC NEWTON: A BIOGRAPHY, Louis Trenchard More. The definitive biography of Newton, his 
life and work. Presents Newton as a living man, with a critical, objective analysis of his char- 
acter as well as a careful survey of his manifold accomplishments, scientific, theological, etc. 
The author, himself a professor of physics, has made full use of all of Newton's published 
Works and'all material in the Portsmouth Collection of Newton's personal and unpublished 
Papers. The text includes numerous letters by Newton and his acquaintances, and many other 
Of his papers—some translated from Latin to English by the author. A universally-esteemed 


Work. Unabridged i hi . - Mil - B75bB, S36 X Sye 
Red republication. 1 full-page plate. Index. xiii PP ag Paperbound $2.50 


PIERRE CURIE, Marie Curie. M i ize wi ble portrait of 
. Mme. Curie, Nobel Prize winner, creates a memorable port 

del equally famous husband and his lifelong scientific researches. She brings to life the 
ee personality of a great scientist at work. Her own autobiographical notes, included 
A his volume, reconstruct her own work on radiation which resulted in the isolation of radium. 
of dierighttul book. It marks one of the few instances in which the proverbially humdrum life 
mike, Student of physical science, together with the austere ideals, has been made intelli- 

je," New York Times. Unabridged reprint. Translated by Charlotte and Vernon Kellogg. 


Introduction by Mrs. Wm. Bi iii + 120pp. 538 x 8V2. 
. Brown Meloney. 8 halftones. viii pp. 7199 Paperbound $1.00 


THE BOOK OF MY LIFE (DE VITI n 
; A PROPRIA LIBER), Jerome Cardan. The remarkable autobiography 

was, Important Renaissance mathematician, Biysician" and scientist, who at the same time 
pity). paranoid, Morbid, superstitious man, consumed with ambition and self-love (and self- 
extremely ir Chronicles of his fortunes and misfortunes make absorbing reading, giving us an 
biogra ny insightful view of a man's reactions and sensations—the first psychological auto- 
biogra phy, rough his eyes we can also see the superstitions and beliefs of an age, Renais- 
Unabridged republication of onea lemp nee net 3, trained mind Stoner. introduction. 
a of original English edition by 590 So PRU à 

Notes. Bibliography, xviii + 331p. 536 x ayn ead T345 Paperbound $1.60 


T 
Dan UTOBIOGRAPHY OF CHARLES DARWIN, AND SELECTED LETTERS, edited by Francis 
e furor s in's own record of his early life; the historic voyage aboard the "Beagle"; 
Henslow Gej unding evolution, and his replies; reminiscences of his son. Letters to 
vivisection. We Hooker, Huxley, Wallace, Kingsley, etc., and thoughts on religion and 
Ow his reat book how he revolutionized geology with his concept of ocean subsidence; 
emotion amen ooks on variation of plants and animals, primitive man, the expression of 
came into Deis pamates, plant fertilization, carnivorous plants, protective coloration, etc., 
8 Appendix. Index. 365pp. 536 x 8. T479 Paperbound’ $1.68 
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PHILOSOPHY OF SCIENCE AND MATHEMATICS 


i i i from 
certain cepted without question, demarcates science n 
ERUNT th the tools of science. Part One shales ame i A 
suppositions of scient ht: existence of the material world, nature of 1d dne 
laws, multiplication of Part Two covers the nature of EE (iut 
application of mathematics: conditions for ,measurement, relations between elativity forte, 
and theories, laws of error, etc. An appendix covers problems arising from rela A 
motion, space, and time. A classic in its field. Index. xiii + 565pp. 555 x 836. 


$372 Paperbound $2.95 


ing the inadequacies of various hysical theories, Dr. Bridgman weighs and ana- 
i tributi o instein, Bohr, Newton, Helsenbore and ‘many oHG Ie 
Sor technical consideration of the’ correlation of Science and reali Yes Paperbound $1.25 


THE VALUE OF SCIENCE, Henri Poincaré. Man 
universalist” covered with charm and vigor for bot 
worker. Discusses the nature of scientific truth, r is h the 
or imposed upon it by man, logical thought versus intuition (relating to math, throug! 
Works of Weierstrass, Li i 

simultaneity), Hertz's concept of force, interrelati 


math, values within disciplines of Maxwell, 
iil + 147pp. 536 x 8, 


, Henri Poincaré. Creative Psychology in science. How such con- 
Cepts as number, Magnitude, space, force, cl 


T1098 p assical mechanics were developed, and how ine 
modern scientist uses them in Kis thought. Hypothesis in physics, theories of moder 
Physics, Introduction by Sir James Larmor. ici. 

n 


aré, and none is his su i i ion," E. T. Bell 
Index. 272pp. 536 a. IS superior in the gift of clear exposition, 


ell. 
$221 Paperbound $1.35 


PHILOSOPHY AND THE PHYSICISTS, L s. Stebbing. The philosophical aspects of modem 
Science examined in terms of a lively critical attack on the ideas of Jeans and Edding on. 
Discusses the task of Science, causality, determinism, Probability, Consciousness, the relatio 
of the world of physics to that i i 

of the Planck-Bo 


Principle, the implications of "becoming" involved in the 2nd law 
discarding of Laplácean determinis 
T480 Paperbound $1.1 


» edi lished as 
THE PHILOSOPHY oF PEIRCE) This "eer edited hy Justus Buchler. (Formerly pub! e 
system, written by eirce himself, TS such matte, ientifi ure chanci 
vs. law, symbolic logic, theory Of signs, Pragmatism, experiment ey gE Intro- 
duction by Justus Buchler, Columbia University, xvi + 368pp. 535 x 8. 
1217 Paperbound $2.00 
LANGUAGE, TRUTH AND LOGIC, A. Ayer, A clear introducti i d Cambridge 
schools of Logical Positivism, i Specific tests by Which yee „ienna and validity o! 
ideas, etc. Contents: Function of philosophy, elimination of metaphysics, nature of analysis, 
a priori, truth and probability, etc. 10th printing. “1 should like to have written it myself, 
Bertrand Russell. Index. 160pp. 536 x g, T10 Paperbound $1.25 
MATHEMATICS AND SCIENCE: LAST ESSAYS 


(DERNIÈRES PENS, 1 i Poi . Translated 
by J; W- Bolduc. A posthumous volume s articles and ESSET "he great French mathe- 
en dei: philosopher, t sing pieces, never before translated into. English, 
Logic of infu i^ nd Time, Space and 3 Dimensions. Th 

E uui s theory of types), Mathematics and Logic, 
Ethics and » Relationship Between Matter and Ether, 
New index. 


English translation of Dernières Penses, 
$1101 Paperbound $1- 


9 ATICAL FIELD, J. Hadamard. Where do ideas 
RED What jı “a IE ideas best developed by mathematical 
Galton, Riei 
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EXPERIMENT AND THEORY IN PHYSICS, Max Born. A Nobel laureate examines the nature and 
value of the counterclaims of experiment and theory in physics. Synthetic versus analytical 
Scientific advances are analyzed in the work of Einstein, Bohr, Heisenberg, Planck, Eddington, 
Milne, and others by a fellow participant. 44pp. 5% x 8. S308 Paperbound 756 


THE PHILOSOPHY OF SPACE AND TIME, H. Reichenbach. An important landmark in the develop- 
ment of the empiricist conception of geometry, covering the problem of the foundations of 
geometry, the theory of time, the consequences of Einstein's relativity, including: relations 
between theory and observations; coordinate and metrical properties of space; the psycholog- 
ical problem of visual intuition of non-Euclidean structures; and many other important topics 
in modern science and philosophy. The majority of ideas require only a knowledge of inter- 
mediate math. Introduction by R. Carnap. 49 figures. Index. xviii + 296pp. 538 x 8. 

$443 Paperbound $2.00 


OBSERVATION AND INTERPRETATION IN THE PHILOSOPHY OF PHYSICS: WITH SPECIAL REFER- 
ENCE TO QUANTUM MECHANICS, Edited by S. Körner. A collection of papers by philosophers 
and physicists arising out of a symposium held at Bristol, England in 1957 under the auspices 
of the Colston Research Society. One of the most important contributions to the philosophy 
Of science in recent years. The discussions center around the adequacy or inadequacy of 
quantum mechanics in its orthodox formulations. Among the contributors are A. J. Ayer, 
D. Bohm, K. Popper, F. Bopp, S. Körner, J. P. Vigier, M. Polanyi, P. K. Feyerabend, W. C. 
Kneale. W. B. Gallie, G. Ryle, Sir Charles Darwin, and R. B. Braithwaite. xiv + 218pp. 
538 x By. $131 Paperbound $1.60 


SPACE AND TIME IN CONTEMPORARY PHYSICS: AN INTRODUCTION TO THE THEORY OF RELA- 
TIVITY AND GRAVITATION, Moritz Schlick. Exposition of the theory of relativity by the 
leader of the famed ‘Vienna Circle." Its essential purpose is to describe the physical 
doctrines of special and general relativity with particular reference to their philosophical 
Significance. Explanations of such topics as the geometrical relativity of space, the con- 
nection with inertia and gravitation, the measure-determination of the space-time continuum, 
the finite universe, etc., with their philosophical ramifications. Index. xii + 89pp. 536 x 812. 

T1008 Paperbound $1.00 


SUBSTANCE AND F N, & EINSTEIN'S THEORY OF RELATIVITY, Ernst Cassirer. Two books 
bound as one. LETTO Bisnes a philosophy of the exact sciences that takes into con- 
sideration newer developments in mathematics, and also shows historical connections. Partial 
ponents Aristotelian logic, Mill’s analysis, pr & IU ees cardinal: nun 
ers, Euclid k -Eucli try, Einstein’s relativity. Bibli . 7 

MU dd ip. ee 150 Paperbound $2.25 


PRINCIPLES OF MECHANICS, Heinrich Hertz. This last work by the great, 19th century 
Physicist is not only a classic, but of great interest in the logic of science. Creating a new 
System of mechanics based upon space, time, and mass, it returns to axiomatic analysis, 
to understanding of the formal or structural aspects of science, taking into account logic, 
observation, and a priori elements, Of great historical importance to Poincaré, Carnap, m 
stein, Milne. A 20-page introduction by R. S. Cohen, Wesleyan University, analyzes the impli; 
Salens of Hortz's thought and the logic of science. Bibliography. 13:page Introduction, by 
oltz. ii 2 
TI air ate oe $317 Paperbound $1.85 


THE ANALYSIS OF MATTER, Bertrand Russell. How do our senses concord with the new 

HUE This volimo covers aa topics as logical analysis af physics, prerelatiity d nA 
ity, scientific i| i special and ge ity, y 

ific inference, physics and perception, spe Wiriodicity d qualitative series. 


theory, tensors, invariants a d their physical interpretation, 
"The most thorough VR the cual nas vet been published,” THE NATION. 
Introduction by LE. Denon ipn. 538 A 8 nia p 7231 Paperbound $1.95 


FOUNDATIONS OF GEOMETRY, Bertrand Russell. Analyzing basic problems in the overlap area 

between mathematics and philosophy, Nobel iaursate Russell examines the nature of geo- 

metrical knowledge, the nature of geometry, and the application of geometry to space. 
covers the history of non-Euclidean geometry, philosophic interpretations of geome! 


IDENTITY AND REALITY, E ' A ; 
" , Emile Meyerson. Called by Einstein a "brilliant study in the theory 
ino Dowledge, this book by the renowned franeo-Gennan thinker is a major treatise in 
tific laws ophy of science and epistemology. Thorough, critical inquiries into causality, scien- 
irrational," ipe aration of matter and energy, the unity of matter, Carnot's principle, the 
at form the elimination of time. Searches out the solutions of epistemological questions 
Author's brara ases of the scientific method. Authorized translation by Kate Loewenberg. 
ces. Editor's preface. Appendices. Index, 495pp. 538 x 8Y2. 
T65 Paperbound $2.25 


Ess, 

the SA EXPERIMENTAL LOGIC, John Dewey. This stimulating series of essays touches upon 

Character of loki between inquiry and experience, dependence of knowledge upon thought, 

viii + 444pp By judgments of practice, data and meanings, stimuli of thought, etc. Index. 
A LE T73 Paperbound $1.95 
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i tched in 
TRATIGRAPHY, A. W. Grabau. Classic of 20th century geology, unma! 3 

Hour dM Nearly 600 pages cover the structure and origins of every kind 
of sedimentary, hydrogenic, oceanic, pyroclastic, atmoclastic, hydroclastic, manae d yara anos. 
and bioclastic rock; metamorphism; erosion; etc. Includes also the Ed Sranakesy and 
phere; morphology of oceans, rivers, glaciers; volcanic activi faults ani eae thaw: M Kay, 
fundamental principles of paleontology (nearly 200 pages). New introduction pA Volume. set. 
Columbia U. 1277 pipliographical entries; 264 diagrams. Table raps QT PO HD UR 2.50 
Total of xxxii + 1185pp. x 8. Paperbound $2.50 

$687 Vol II Pee set $5.00 


illi; il i i: logy, 
TREATISE ON SEDIMENTATION, William H. Twenhofel. A milestone in the history of geo 
this two-volume work, prepared under the auspices of the United States Research counei 
contains practically everything known about sedimentation up to 1932. Brings tenet M vel 
the findings of leading American and foreign geologists and geographers and, d vo. d 
been surpassed for completeness, thoroughness of description, or accuracy of deta dia ar 
discusses the sources and production of sediments, their transportation, Nepos ioN, eis 
sis, and lithification. Also modification of sediments by organisms and topographical, cl l; daal 
etc. conditions which contribute to the alteration of sedimentary processes. 220 page: tinue’ 
with products of sedimentation: minerals, limestones, dolomites, coals, etc. Vol. 2 con ua 
the examination of products such as Eypsum and saline residues, silica, sron, manea. 
nese, etc. An extensive exposition of structures, textures and colors of sediments: stra ie 
tion, cross-lamination, ripple mark, oolitic and pisolitic textures, etc. Chapters on ded 
ments or realms of ‘sedimentation and field and laboratory techniques are also inc 1553: 
Indispensable to modern-day geologists and students. Index. List of authors cited. 17? 
item, bibliography. 121 diagrams. Total of xxxiii + 926pp. 535 x 81. 2.50 
Vol. l: S950 Paperbound $: "50 
Vol. 11: S951 Paperbound 32:35 
Two volume set Paperbound $5. 


B 0 rystallization. Discusses liquid immiscibility in silicate magmas, 
crystal sorting, liquid lines of descent fracti 


rj y , Tr Y Ve ts 
etc. Of prime importance to geologists & mining en ineers, also to physicists, c! emis 
Working with high temperatures and pressures. Most important, TIMES, London. 3 indexes 
263 bibliographic notes, 82 figures. xviii + 334pp. 5% x 8. $311 Paperbound $2. 


with admiration . . . a high standard . . . there is no readi ill not learn something 
from this book," London, Edinburgh, Dublin. uic Megane, Wil 


print: 1127 classified items. Indexes. Tables 


HYDROLOGY, edited by Oscar E. Meinzer. Prepared for the National Research Council. Pe 
tailed complete reference library on Precipitation, evaporation, snow, snow survey’ ne 
glaciers, lakes, infiltration, soil Moisture, ground water, runoff, drought, physical Euer 
produced by water, hydrology of limestone terranes, etc. Practical in application, espec ite 
valuable for engineers. 24 experts have created "the most up-to-date, most compes. 
treatment of the subject," AM. ASSOC. of PETROLEUM GEOLOGISTS. Bibliography. Index. 3.25 
illustrations. xi + 712pp. 6Vs x 914. S191 Paperbound $3. 


i j h ho, 
i ainstaking, methodical work at his Jericho» 
Vermont studio. The pictures, which also include ois ph 


PHYSICS OF THE AIR, W. J. Humphreys. A very thorough coverage of classical materials ani 
theories in meteorology . . . written by one of this century's most highly respected physi in 
meteorologists. Contains the standard 


e T account in English of atmospheric optics. 5 ma! 
Sections: Mechanics and Thermodynamics of th 


T d 
e Atmosphere, Atmospheric Electricity an 
Auroras, Meteorological Acoustics, Atmospheric Optics, ae races ene Climatic Conte 
Under these headings, topics covered are: theoretical relations between temperature, Pr c- 
Sure, and volume in the atmosphere; composition, pressure, and density; circulation; WR 
ration and condensation; fog, clouds, thunderstorms, lightning; aurora polaris; principal. i 
age theories; etc. New preface by Prof. Julius London. 226 illustrations. Index. T 00 
676pp. 536 x 8i. 51044 Paperbound $3. 
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URANIUM PROSPECTING, H. L. Barnes. For immediate practical use, professional geologist con- 
Siders uranium ores, geological occurrences, field conditions, all aspects of highly profitable 
Occupation. Index. Bibliography. x + 117pp. 538 x 8. T309 Paperbound $1.00 


SELECTED PAPERS IN THE THEORY OF THERMAL CONVECTION: WITH SPECIAL APPLICATION 
TO THE EARTH'S PLANETARY ATMOSPHERE, Edited by Barry Saltzman. An indispensable vol- 
ume for anyone interested in the motions of the earth's atmosphere. 25 basic theoretical 
papers on thermal convection by major scientists, past and present: Helmholtz, Overbeck, 
Jeffreys, Rayleigh, G. |. Taylor, Chandrasekhar, A. R. Low, Rossby, Davies, Charney, Eady, 
Phillips, Pellew and Southwell, Elbert, Fjortoft, and H.-L. Kuo. Bibliography. x + 461pp. 
6% x 814. 5171 Paperbound $3.00 


THE FOUNDERS OF GEOLOGY, Sir Archibald Geikie. Survey of the high moments and the work 
of the major figures of the period in which the main foundations of modern geology were 
laid—the latter half of the 18th century to the first half of the 19th. The developments in 
the science during this era centering around the lives and accomplishments of the great 
Contributors: Palissy, Guettard, Demarest, Pallas, Lehmann, Füchsel, Werner, Hutton, Play- 
fair, Sir James Hall, Cuvier, Lyell, Logan, Darwin, Agassiz, Nicol, and others. Comprehensive 
and readable. Index. xi + 486pp. 538 x 81⁄2. T352 Paperbound $2.25 


THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams. Most thorough 
history of the earth sciences ever written. Geological thought from earliest times to the end 
of the 19th century, covering over 300 early thinkers & systems: fossils & their exi tenet. 
Vulcanists vs, neptunists, figured stones & paleontology, generation of stones, dozens o 
Similar topics. 91 illustrations, including medieval, renaissance woodcuts, etc. Index. 632 
footnotes, mostly bibliographical. 511pp. 536 x 8. T5 Paperbound $2.25 


A HISTORY APHY, E. H. Bunbury. Standard study, in English, of ancient 
geography; E ANCIENT, EDS. detail. First full account of history of geography from 
Greeks’ first world picture based on mariners, through Ptolemy. Discusses every ir 
map, discovery, figure, travel, expedition, war, conjecture, narrative, bearing on ES 
Chapters on Homeric ‘geography, Herodotus, Alexander expedition, Strabo, Pliny, i tom 
Would stand alone as exhaustive monographs. Includes minor geographers, men n i P 
Tegarded in this context; Hecataeus, Pythea, Hipparchus, Artemidorus, Marinus o yre, ee 
Uses information gleaned from military campaigns such as Punic wars, Hannibale bm T $ 
lps, campaigns of Lucullus, Pompey, Caesar's wars, the Trojan war. New introducti y 
2 f 1426pp. 538 x 8. 
2 volume set $12.50 


W. H. St ibli . Index. 20 maps. 
ahl, Brooklyn College. Bibliography. In Foot ciothbound, 


DE RE METALLICA, Gi icola. 400-year old classic translated, annotated by former 
President Herbert’ Hoover The. fist scientific study of mineralogy and mining, CN EN 
200 years after its appearance in 1556, it was the standard treatise. 12 books, exhaus LH 
annotated, discuss the history of mining, selection of sites, types of deposits, making e 
Shafts, Ventilating, pumps, crushing machinery; assaying, smelting, refining me ast Wd 
Salt, alum, nitre, glass making. Definitive edition, with all 289 16th century oo GSC 
the original. Biographical, historical introductions, bibliography, survey of EUM a pH 
LEBXNS: A fascinating book for anyone interested in art, history of science, geo x 10. 00 
eluxe edition. 289 illustrations. 672pp. 634 x 1034. Library cloth. S6 Clothboun E 


GEOGRAPHICAL ESSAYS, Willi Morris Davis. Modern geography 
e fundamental work of this scientist. 26 famous essays presenting mos 
a 3 j A 4 da- 

field resezrches. Partial contents: Geographical Cycle, Plains of Marine and Soa a ture 


Prices subject to change without notice. 


uo publishes books on art, music, philosophy, literature, languages, 
enfe tia sciences, psychology, handcrafts, orientalia, menu. iem 
mediate ind x diet, pets and gardens, books explaining aene : is 
biological sci gher mathematics, mathematical physics, engin i Is 
Sciences, earth sciences, classics of science, etc. Write to: 


Dept. catrr. 
Dover Publications, Inc. 
180 Varick Street, N.Y. 14, N.Y. 
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Applied Mathematics for Radio and Communications Engineers, Carl 
Smith. $1.75 
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